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Abstract

In this manual, we present the Automated Reachset Optimal Control (AROC) toolbox.
AROC is a MATLAB toolbox that automatically synthesizes verified controllers for solving
reach-avoid problems using reachability analysis. Two different types of controllers are con-
sidered: For model predictive control verified controllers are constructed in real-time during
online application; The motion primitive based control algorithms, on the other hand, first
synthesize verified controllers for many different motion primitives offline, which are then
used for online planning with a maneuver automaton. AROC contains one model predictive
control algorithm for linear systems and one for nonlinear systems, and also implements sev-
eral approaches for computing safe terminal regions for model predictive control. Moreover,
the toolbox currently contains 6 different methods for motion primitive based control, and
also provides an implementation of a maneuver automaton for convenient online-planning
with motion primitives. Yet another feature of AROC is that it includes an implementation
of conformant synthesis to automatically construct over-approximative models from data.
AROC is released under the GPLv3 license.
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1 INTRODUCTION

1 Introduction

In this section, we give a short introduction to the philosophy and architecture of the AROC
toolbox, we describe how AROC can be installed, and we explain how to connect AROC with
other tools.

1.1 Getting Started

The acronym AROC stands for Automated Reachset Optimal Control. AROC is a toolbox for
the automated construction of verified controllers for solving reach-avoid problems. A typical
reach-avoid problem is shown in Fig. 1: Given a set of initial states R the goal is to construct
a controller that drives all states inside the initial set as close as possible to a desired final state
xy while not colliding with the sets of unsafe sets depicted in red in Fig. 1. For the system
dynamics, we consider the very general case of nonlinear systems with input constraints that are
influenced by bounded uncertainties (see (1)). To verify that the system does not collide with
any unsafe set and that the input constraints are satisfied for all times despite disturbances are
acting on the system, we use reachability analysis. In particular, we use the CORA [1] toolbox
to compute reachable sets.

s @
RO ¢ T -7

Figure 1: Illustration of a typical reach-avoid problem, where the unsafe sets are depicted in
red, Rg is the initial set, x; is the goal state that should be reached, and the reachable set of
the controlled system is shown in gray.

AROC considers two different types of controllers for solving reach-avoid problems: For model
predictive control (see Sec. 2.2) a verified controller that steers the system into a safe terminal
region (see Sec. 4) is constructed in real-time during online application; The motion primitive
based control algorithms (see Sec. 2.1), on the other hand, construct verified controllers for
many different motion primitives offline, which are the used for online-planning with a maneuver
automaton (see Sec. 3). To guarantee that the synthesized controllers are safe for the real system
and not just the model, we require a conformant model that over-approximates all behaviours
of the real system. Such a model can be constructed automatically from measurements of the
real system using conformant synthesis (see Sec. 5). An overview of the workflow for controller
synthesis using the AROC toolbox is shown in Fig. 2.

The AROC toolbox provides some predefined benchmark systems (see Sec. 6), and additional
custom benchmarks can be easily added (see Sec. 6.14). To get started with AROC, we recom-
mend to read the mathematical problem description at the beginning of Sec. 2, and to take a
look at the code examples that are provided in Sec. 8, which can also be found in the directory

/examples/... in the AROC toolbox.
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1.2
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Figure 2: Workflow for controller synthesis using the AROC toolbox.

Installation

The AROC toolbox can be conveniently installed by simply adding the directory that contains
the code to the MATLAB path. In addition, AROC requires the following third-party software:

CORA: CORA is a MATLAB toolbox for reachability analysis. AROC is compati-
ble with the 2026 release of CORA, which can be downloaded from the website or the
public repository. After the download, add the folder containing the CORA toolbox to
your MATLAB path.

YALMIP: YALMIP is a toolbox for modeling and solving optimization problems of var-
ious types. YALMIP can be installed using the installation routine described here.

CasADi: CasADi is an open-source tool for nonlinear optimization and algorithmic dif-
ferentiation. CasADi can be installed using the installation routine described here.

Mosek or Gurobi Optimizer: Mosek and Gurobi Optimizer provide solvers for various
types of mixed-integer convex programs. While some of our terminal region computation
algorithms (see sec. 4) also support MATLAB’s built-in solvers, we highly recommend using
Mosek or Gurobi, which can be installed via the routines described on the Mosek webpage
and the Gurobi webpage, respectively.

After installation it is advisable to run the unit-tests (see Sec. 1.6) to check if everything is set-up
correctly. To check the installation of all required third-party toolboxes type the command

>> checkAROCdependencies

into the MATLAB command line.

In preparing this release, we used the following versions of MATLAB and the toolboxes listed
above:

1.3

MATLAB R2025b
CORA v2026.0.1
YALMIP R20250626
CasADi v3.7.2
Mosek 11.1

New Features

The 2026 release of AROC contains the following new features compared to the 2022 release:


http://cora.in.tum.de
https://github.com/TUMcps/CORA
https://yalmip.github.io/tutorial/installation/
https://web.casadi.org/get/
https://docs.mosek.com/latest/install/installation.html
https://support.gurobi.com/hc/en-us/articles/4533938303505-How-do-I-install-Gurobi-for-Matlab
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e Terminal regions of linear systems (see Sec. 4.2): The algorithm for computing
terminal regions of linear systems (zonoLinSys in AROC 2022) has been extended to
support both zonotopic and ellipsoidal terminal regions. Moreover, terminal regions can
now be computed directly, whereas previously, only a two-stage procedure was available:
first computing an invariant target set and then determining the set of states that can be
steered into it in finite time. This joint approach can significantly increase the size of the
resulting terminal regions.

e Terminal regions of nonlinear systems (see Sec. 4.3): AROC now includes two scal-
able, optimization-based algorithms for computing terminal regions of nonlinear systems:
one employing a successive convexification procedure that prioritizes scalability, and an-
other using higher-order approximations of the system dynamics to balance scalability
with the size of the terminal region.

e Optimal control: To improve the usability, a simplified implementation of the optimal
control problem for center trajectory generation is now available using CasADi, replacing
previous implementations based on ACADO Toolkit or fmincon.

e New benchmarks: To assess the scalabilty of algorithms, we included a benchmark
modeling a chain of coupled mass-spring-damper systems, which can be easily adapted to
any arbitrary number of masses (see Sec. 6).

1.4 Architecture

A UML class diagram for the AROC toolbox is shown in Fig. 3: All motion primitive based con-
trol algorithms return an object that inherits certain properties and methods from the parent
class objController. These objects store the parameter of the motion primitive, the con-
structed controller, and the occupancy set (see Sec. 7.2). Since the class maneuverAutomaton
requires a list of motion primitives represented as objects of class objController as input ar-
gument (see Sec. 3), it is therefore possible to construct a maneuver automaton with any of
the implemented motion primitive based controllers, or even mix motion primitives generated
with different controllers. Similarly, all objects representing terminal regions inherit from the
common parent class terminalRegion (see Sec. 7.3), which ensures that terminal regions con-
structed with different approaches can be used for model predictive control. The class results
stores the reachable sets computed during controller synthesis and simulated trajectories from
the online application of the control algorithm (see Sec. 7.1).

1.5 Code Documentation

In addition to the documentation provided in this manual AROC has HTML code documentation
that can be viewed and browsed directly in MATLAB. This code documentation contains a short
description as well as a list of input and output arguments for each function contained in the
AROC toolbox. To view the HTML code documentation type the command

>> doc

into the MATLAB command line, which will open a window containing the MATLAB doc-
umentation. The documentation for the AROC toolbox can be found under the menu item
Supplemental Software.

For developers: The HTML code documentation is automatically generated from the function
headers. To generate the documentation type the command

>> publishHelp
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objController (see Sec. 7.2)

o Composition

A
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terminalRegion (see Sec. 7.3)
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termRegNonlinSysOpt

Figure 3: Unified Modeling Language (UML) class diagram for AROC.

into the MATLAB command line. To generate the HTML documentation for a single MATLAB
function type

>> publishFunc(’fileName’)

which opens a new window showing the generated documentation for the file.

1.6 Unit Tests

In order to guarantee that AROC functions correctly and that there are no bugs in our imple-
mentation we integrated several unit-tests into the toolbox. These tests check for example if the
input and state constraints are satisfied, or that the reachable set contains all trajectories of the
controlled system. In order to execute all unit-tests type the command

>> runUnitTests

into the MATLAB command line. To execute a single unit test, simply type the name of the
test file. All unit-test files are located in the directory /unitTests/... in the AROC toolbox.

It is advisable to run the unit-tests after installation to check if everything is set-up correctly.
Developers should run the unit test every time they changed something on the implementation
of the algorithms.
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1.7 Connections to CommonRoad and CommonQOcean

The CommonRoad framework [2] provides multiple thousands of different traffic scenarios as
benchmarks for testing motion planning algorithms for autonomous cars. Similarly, CommonO-
cean [3] provides marine traffic scenarios for autonomous ships. AROC provides interfaces to
easily load CommonRoad and CommonQOcean benchmarks for testing the control algorithms.
In order to load a CommonRoad or CommonOcean benchmark into AROC, the following two
steps are required:

1. Download the CommonRoad or CommonQOcean file for the selected traflic scenario from
the CommonRoad website or the CommonQOcean website, respectively.

2. Use the function commonroad2cora or commonocean2cora provided by the CORA toolbox
[1] to load initial state, goal set, as well as static and dynamic obstacles for the planning
problem.

The syntax for loading a CommonRoad or CommonQOcean file with the function commonroad2cora
or commonocean2cora is as follows:
[stat0Obs, dyn0Obs, x0, goalSet, lanelets| = commonroad2cora(filename)

[stat0Obs, dyn0Obs, x0, goalSet, waters, shallows| = commonocean2cora(filename),

where filename is a string with the file name of the CommonRoad or CommonQOcean file that
should be loaded, and the output arguments are defined as:

e statObs  MATLAB cell-array storing the static obstacles for the planning problem as
objects of class polygon (see [4]).

e dyn0Obs MATLAB cell-array storing the dynamic obstacles for the planning problem as
objects of class polygon (see [4]). In addition, the corresponding time interval
for each obstacle is stored.

e x0 struct with fields .x, .y, .time, .velocity and .orientation storing the
initial state for the planning problem.

goalSet  struct with fields .set, .time, .velocity and .orientation storing the goal
set for the planning problem.

lanelets MATLAB cell-array storing the lanelets for the traffic scenario as objects of
class polygon (see [4]).

e yaters MATLAB cell-array storing the water ways for the marine traffic scenario as
objects of class polygon (see [4]).

shallows MATLAB cell-array storing the shallows for the marine traffic scenario as
objects of class polygon (see [4]).

Initial state, goal set, static obstacles, and dynamic obstacles can then be used for online planning
with a maneuver automaton as described in Sec. 3.5. In Fig. 4 an exemplary CommonRoad traffic
scenario is visualized. A code example that demonstrates how a CommonRoad benchmark can be
solved with AROC is provided in Sec. 8.3 and in the directory /example/maneuverAutomaton/...
in the AROC toolbox.


https://commonroad.in.tum.de
https://commonocean.cps.cit.tum.de
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Figure 4: Visualization of the CommonRoad benchmark DEU_Ffb-1-2_5-1. The dynamic ob-
stacles imposed by the other cars are shown in blue, the goal set is shown in red, and the initial
state for the ego vehicle is shown in green.

2 Control Algorithms

AROC is a toolbox that automatically synthesizes verified controllers for solving reach-avoid
problems. We consider general nonlinear disturbed systems with measurement uncertainty de-
fined by the differential equation

(t) = f(z(t),u(t),w(t)), x(0)€ Ro, x(t) € X, u(t) €U, w(t) e W, (1)

where z(t) € R"™ is the vector of system states, u(t) € R™ is the vector of control inputs,
w(t) € R? is the vector of disturbances and f: R™ x R™ x R? — R" is a Lipschitz continuous
function. Furthermore, we consider a set of initial states Ry C R"™, a set of state constraints
X C R, a set of input constraints &/ C R™, and a set of disturbances WW C R?. The measured
system state Z(t) € R™ is subject to an uncertain measurement error v(t) € R™:

z(t) = x(t) +v(t), wo(t) eV, (2)

where ¥V C R™ is the set of measurement errors. Given a control law u.(Z(t),t), the dynamic of
the controlled system is

£(t) = fx(t), uc(Z(t),1), w(t)). 3)

Let us denote the solution to (3) at time ¢ by (¢, z(0), u.(+), w(:),v(-)). The reachable set of the
controlled system in (3) is defined as

R () = {{(t,x(O),uc(-),w(-),v(-)) ( 2(0) € Ro, ¥ € [0,4] 1 w(r) € WAv(r) € v}. (4)
AROC automatically synthesizes a suitable control law wu.(Z(t),t) such that input and state

constraints are satisfied:

Wt € [0,t7], VE(t) € Ru(y(t) @V : uo(@(t),t) €U

vt € [0,t5], V2(0) € Ro, Yw(-) € W, Yo(-) € Vi £(t,x(0), uc(-), w(:),v(-)) € X, (5)

where t; is the final time of the control action. The objective that the controller aims to fulfill
depends on the controller type: The motion primitive based control algorithms in Sec. 2.1 aim
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to drive all states from the initial set at the final time ¢; as close as possible to a desired final
state xy € R". The model predictive control algorithm in Sec. 2.2 on the other hand tries to
stabilize the system around a desired equilibrium point x; for an infinite time horizon ¢; = oo.
To achieve this, the model predictive control algorithm considers a terminal region 7 around
xy, and the goal is to reach this terminal region in finite time.

Many of the control algorithms implemented in AROC require to solve optimal control problems.
An optimal control problem finds the control input that minimizes a certain cost function [5].
In this toolbox we consider optimal control problems defined as

win (e(tp) —zp)" Q- (aty) —xp) + / T Rl dt (6a)

u(t t=0

s.t. x(0) = xo, (6b)
&(t) = fz(t), u(t),0), (6¢)
Vte [0,ty] 2 x(t) € X Au(t) €U, (6d)

where zy denotes the initial state, ) € R™*" is the state weighting matrix, and R € R™*™ is
the input weighting matrix.

Next, we describe the different control algorithms implemented in AROC in detail.

10
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2.1 Motion Primitive Based Control

The motion primitive based control algorithms described in this chapter automatically synthe-
size feasible and close-to-optimal controllers for single motion primitives offline. These motion
primitives can be used to construct a maneuver automaton (see Sec. 3), which is then applied
for online control (see Sec. 3.5).

For each motion primitive the goal of the control action is to drive all states inside the initial
set at the final time ¢; as close as possible to the desired final state x:

min p(Ruc(.)(tf),xf), (7)

ue(z,t)

where R, (.)(ty) is the reachable set of the controlled system at the final time t; (see (4)), and
P(Ry.((ts),z5) — Ry is a cost function measuring the distance between the states in R, (.)(tf)
and the desired final state z . There exist many different possibilities for suitable cost functions,
like for example the maximum euclidean distance:

P(Ru.)(ts) zp) = menm?f(tf) ||z — ]2

The syntax for executing the control algorithm to synthesize a suitable controller is identical for
all motion primitive based control algorithms:
[obj, res| = controlAlgorithmName(benchmark, Param)
[obj, res| = controlAlgorithmName(benchmark, Param, Opts)
[obj, res| = controlAlgorithmName(benchmark, Param, Opts,Post),
where controlAlgorithmName € {optimizationBasedControl, convexInterpolationControl,
generatorSpaceControl} is the name of the control algorithm, the input arguments are defined
as
e benchmark name of the benchmark system that is considered (see Sec. 6).
e Param struct containing the parameter that define the control problem

- .RO initial set Ro (see (1)) represented as an object of class
interval (see [4, Sec. 2.2.1.2]).

-.U set of input constraints U (see (1)) represented as an object
of class interval (see [4, Sec. 2.2.1.2]).

- W set of disturbances W (see (1)) represented as an object of
class interval or zonotope (see [4, Sec. 2.2.1]).

- .V set of measurement errors V (see (2)) represented as an ob-
ject of class interval or zonotope (see [4, Sec. 2.2.1]).

- .X set of state constraints X’ (see (1)) represented as an object
of class polytope (see [4, Sec. 2.2.1.4]).

.tFinal final time t; (see (7)).

— .xf desired final state x¢ (see (7)).
e Opts struct containing the settings for the control algorithm. Since the settings are
different for each control algorithm they are documented in Sec. 2.1.1, 2.1.2,
and 2.1.3.
e Post MATLAB function handle to the post-processing function that computes the

occupancy set from the reachable set (see Sec. 3.2). This argument is only
required if the motion primitive controller is used to construct a maneuver
automaton (see Sec. 3).

11
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and the output arguments are defined as

e obj object of class contr0bj (see Sec. 7.2) that stores the synthesized control law.

e res object of class result (see Sec. 7.1) that stores the computed reachable set of
the controlled system.

In the following sections we describe the motion primitive based control algorithms that are
implemented in AROC in detail.

2.1.1 Optimization Based Control

Optimization-based control implements the control algorithm described in [6]. While the work
in [6] specialized on linear systems, we extended the approach to also handle systems with
nonlinear dynamics. However, since reachability analysis for linear systems is computationally
much more efficient than reachability analysis for nonlinear systems, our implementation of
the algorithm detects automatically if the system is linear or nonlinear and then executes the
corresponding reachability algorithm.

K4 K,
. Ky Xy
Ro| ® -~ §~~“$-_\@___y—“®

Figure 5: Illustration of the optimization based control algorithm with N = 3 constant segments.

Y

The control algorithm uses the following control law:

Ue(@,t) = tpef (1) + K@) (Z(E) — 2rep (1)),

where u,.¢(t) € R™ is the piecewise constant control input for the reference trajectory (see
Sec. 7.4), x,¢¢(t) € R™ is the state of the reference trajectory (see Sec. 7.4), and K (t) € R™*" is
a time-varying feedback matrix. The optimization based control algorithm determines a feasible
and close-to-optimal value for the time-varying feedback matrix K (t) by solving the following
optimization problem:

min (R (t), o)

8
sit. Vt€[0,t5], VZ(t) € Ruo()(t) OV 1 tpep(t) + K()(Z(1) — wrep(t) €U ¥

vVt € [0,tf], Yx(0) € Ry, Yw(-) € W, Yu(-) € V: £(t,ﬂ:(0),uc(-),w(-),v(-)) e X,

where p(-) is the cost function (see (7)). In order to express the optimization problem with a
finite number of optimization variables, a piecewise constant time-varying feedback matrix K (t)
is used: Vt € [(i — 1)At,iAt] : K(t) = K;, i € {1,...,N}, where At = t;/N and N € N>
is the number of piecewise constant segments (see Fig. 5). Furthermore, in order to reduce the
number of variables for the optimization problem, we use a Linear Quadratic Regulator (LQR)
approach [7, Chapter 3.3 to compute the feedback matrices K;. Instead of directly optimizing
the feedback matrices K; we then optimize the weighting matrices QQ € R™*" R € R"™*™ from

12
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the cost function of the Linear Quadratic Regulator, where we choose the weighting matrices
to be diagonal. To reduce the number of optimization variables we keep @) and R constant
during each of the N time steps, but update the feedback matrix K at each of the Njpter € N>y
intermediate time steps. For solving the optimization problem (8), we use MATLABs fmincon
algorithm®.

The syntax for executing the optimization based control algorithm is as follows:
[obj, res] = optimizationBasedControl(benchmark, Param)

[obj, res] = optimizationBasedControl(benchmark,Param, Opts)

[obj, res] = optimizationBasedControl(benchmark, Param, Opts,Post),

where benchmark, Param, Post, obj, and res are defined as at the beginning of Sec. 2.1, and
Opts is a struct that contains the following algorithm settings:

- .N number of piecewise constant segments N for the time-varying
feedback matrix K (t). The default value is 5.

— .Ninter number of intermediate time steps Nipter. The default value is 1.

— .reachSteps number of time steps for reachability analysis during one of the NV

piecewise constant segments. The default value is 10.

— .reachStepsFin number of time steps for reachability analysis during one of the
N piecewise constant segments for the computation of the final
reachable set after the optimization finished. To accelerate the
optimization it is advisable to use less reachability time steps dur-
ing optimization than for the computation of the final reachable
set. The default value is 15.

— .maxIter maximum number of iterations for MATLABs fmincon algo-
rithm that is used to solve the optimization problem (8) (see
https://de.mathworks.com/help/optim/ug/fmincon.html).
The default value is 100.

— .bound scaling factor 0 between the upper and the lower bound for the
entries of the LQR weighting matrices @ and R. It holds for all
matrix entries Qﬁj and R; ; that Qi,j € [1/5, (5] and R; ; € [1/5, (5]
The default value is 1000.

— .refTraj struct containing the settings for the reference trajectory (see
Sec. 7.4).
— .cora struct containing the settings for reachability analysis using the

CORA toolbox (see Sec. 7.6).

Code examples for the optimization based control algorithm are provided in Sec. 8.1 and in the
directory /example/optimizationBasedControl/... in the AROC toolbox.

2.1.2 Convex Interpolation Control

The convex interpolation control algorithm implements the approach in [8]. For convex inter-
polation control the time horizon is divided into NN time steps, where in each time step the
following procedure is applied (see Fig. 6):

1. The reachable set at the beginning of the time step is enclosed by a parallelotope.

"https://de.mathworks.com/help/optim/ug/fmincon.html

13
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2. Optimal control problems (see (6)) are solved for all vertices of the parallelotope.

3. The control law is obtained by interpolation between the optimal control inputs for the

Since the interpolation control law in [8, Sec. 4] is quite complex, it is often advisable to use
a linear or a quadratic approximation instead (see [8, Sec. 5]).
controller in Sec. 2.1.1 considers continuous feedback, the convex interpolation control algorithm
only measures the system state at the beginning of each time step, which results in discrete-time
feedback. Each time step consists of N, intermediate time steps, which correspond to the

parallelotope vertices (see [8, Sec. 4]).

piecewise constant segments of the control input for the optimal control problems.

Figure 6: Illustration of the convex interpolation control algorithm with N = 3 time steps.

The syntax for executing the convex interpolation control algorithm is as follows:

where benchmark, Param, Post, obj, and res are defined as at the beginning of Sec. 2.1, and

[obj,res] = convexInterpolationControl(benchmark, Param)

[obj, res] = convexInterpolationControl(benchmark, Param, Opts)

[obj, res] = convexInterpolationControl(benchmark, Param, Opts,Post),

Opts is a struct that contains the following algorithm settings:

.controller

.N
.Ninter

.reachSteps

.approx

string specifying the control law that is used. The available control laws
are ’exact’ (interpolation control law, see [8, Sec. 4]), and ’linear’
(linear approximation, see [8, Sec. 5]). The default value is ’linear’.

number of time steps N. The default value is 10.
number of intermediate time steps Nipter. The default value is 4.

number of time steps for reachability analysis during one of the Njjter
intermediate time steps. The default value is 20.

state weighting matrix @ € R™*" for the optimal control problems (see
(6)). The default value is the identity matrix.

input weighting matrix R € R™*™ for the optimal control problems (see
(6)). The default value is an all-zero matrix.

struct containing the settings for the approximation of the interpolation
control law (for Opts.controller = ’linear’ only).

14
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— .method string specifying the method that is used to obtain
the approximated control law. The available methods
are ’scaled’ and ’optimized’. The default value is
’scaled’.

— .lambda parameter A € [0, 1] representing the tradeoff between
matching the optimal control inputs at the vertices (A =
0) and matching the interpolation control law (A = 1).
The default value is 0.5.

— .polyZono struct containing the settings for restructuring polynomial zonotopes
(for Opts.cora.alg = ’poly’ only).

- .N number of time steps after which the polynomial zono-
tope representing the reachable set is restructured.
The default value is co (no restructuring).

— .orderDep zonotope order of the dependent part of the polyno-
mial zonotope after restructuring. The default value
is 10.

— .order overall zonotope order of the polynomial zonotope af-
ter restructuring. The default value is 20.

— .refTraj struct containing the settings for the reference trajectory (see Sec. 7.4).

— .extHorizon struct containing the settings for an extended optimization horizon (see
Sec. 7.5).

— .cora struct containing the settings for reachability analysis using the CORA
toolbox (see Sec. 7.6).

Code examples for the convex interpolation control algorithm are provided in the directory
/example/convexInterpolationControl/... in the AROC toolbox.

2.1.3 Generator Space Control

One of the main disadvantages of the convex interpolation controller in Sec. 2.1.2 is that the
computational complexity grows exponentially with the number of system dimensions n. The
reason for this is that for convex interpolation control an optimal control problem is solved for
each vertex of a parallelotope enclosure of the reachable set, and a parallelotope has 2™ vertices.
The generator space controller proposed in [9] circumvents this problem by solving one optimal
control problem for each generator of the parallelotope, instead of for each vertex (see Fig. 7).
Since a parallelotope has only n generators, this is computationally much more efficient.

Figure 7: Illustration of the generator space control algorithm with N = 3 time steps.

As for convex interpolation control, the time horizon is divided into N time steps, and a feed-
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forward controller is computed for each of these time steps. Furthermore, each time step consists
of Njpter intermediate time steps, which correspond to the piecewise constant segments of the
control input for the optimal control problems. To obtain the control law from the optimal
control inputs for the generators, the generator space controller expresses each state inside the
reachable set as a linear combination of the generators.

The syntax for executing the generator space control algorithm is as follows:

[obj,res| = generatorSpaceControl(benchmark, Param)
[obj,res| = generatorSpaceControl(benchmark, Param, Opts)

[obj,res| = generatorSpaceControl(benchmark, Param, Opts, Post),

where benchmark, Param, Post, obj, and res are defined as at the beginning of Sec. 2.1, and
Opts is a struct that contains the following algorithm settings:

- .N number of time steps N. The default value is 10.
— .Ninter number of intermediate time steps Njpter. The default value is 4.

— .reachSteps number of time steps for reachability analysis during one of the
Ninter intermediate time steps. The default value is 10.

-.Q state weighting matrix Q € R™*" for the optimal control problems
(see (6)). The default value is the identity matrix.

- .R input weighting matrix R € R™*™ for the optimal control prob-
lems (see (6)). The default value is an all-zero matrix.

— .refInput flag specifying if the control input from the reference trajectory is
used to control the center of the reachable set (Opts.refInput =
1) or not (Opts.refInput = 0). The default value is 0.

— .refTraj struct containing the settings for the reference trajectory (see
Sec. 7.4).

— .extHorizon struct containing the settings for an extended optimization horizon
(see Sec. 7.5).

— .cora struct containing the settings for reachability analysis using the
CORA toolbox (see Sec. 7.6).

Code examples for the generator space control algorithm are provided in the directory /exam-
ple/generatorSpace Control/... in the AROC toolbox.

2.1.4 Polynomial Control

The polynomial control approach proposed in [10] is similar to the generator space controller in
Sec. 2.1.3, but applies a polynomial instead of a linear control law. Moreover, rather than solving
optimal control problems the polynomial control approach utilizes dependency preservation [11]
for polynomial zonotopes [12] to determine the optimal control law parameters with the following
procedure (see Fig. 8):

1. Compute the reachable set for the set of all parameter values that satisfy the input con-
straints.

2. Utilize the analytical relation between parameter values and reachable states given by
dependency preservation to determine the control law parameters that minimize the size
of the final reachable set.
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Equivalently to the generator space controller, the polynomial controller divides the time horizon
into N time steps consisting of N, segments with constant control inputs, and encloses the
reachable set by a parallelotope at the end of each time step. To refine the estimate for the set
of control law parameters that satisfy the input constraints, the reachable set can be splitted

multiple times.

Figure 8: Illustration of the polynomial control algorithm with N = 3 time steps.

The syntax for executing the polynomial control algorithm is as follows:

[obj, res| = polynomialControl(benchmark, Param)

[obj, res| = polynomialControl(benchmark, Param, Opts)

[obj, res| = polynomialControl(benchmark, Param, Opts,Post),

where benchmark, Param, Post, obj, and res are defined as at the beginning of Sec. 2.1, and

Opts is a struct that contains the following algorithm settings:

—.N
— .Ninter

— .ctrlOrder

— .reachSteps

— .reachStepsFin

— .splits

— .refInput

— .refUpdate

number of time steps N. The default value is 10.
number of intermediate time steps Njpter. The default value is 4.

polynomial degree of the polynomial control law. The default
value is 2, which corresponds to a quadratic controller.

number of time steps for reachability analysis during one of the
Ninter intermediate time steps used for computing the reachable
set for the set of all parameter values. The default value is 10.

number of time steps for reachability analysis during one of the
Ninter intermediate time steps used for computing the final reach-
able set after control law parameter optimization. The default
value is 20.

state weighting matrix @ € R™*"™ for the cost function that is min-
imized in order to determine the optimal control law parameters.
The default value is the identity matrix.

number of splits applied to refine the set of parameters that sat-
isfies the input constraints. The default value is 0.

flag specifying if the control input from the reference trajectory is
used to control the center of the reachable set (Opts.refInput =
1) or not (Opts.refInput = 0). The default value is 0.

flag specifying if the reference trajectory is updated after each time
step (Opts.refUpdate = 1) or not (Opts.refUpdate = 0). The
default value is 0.
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— .refTraj struct containing the settings for the reference trajectory (see
Sec. 7.4).
— .extHorizon struct containing the settings for an extended optimization horizon

(see Sec. 7.5).

— .cora struct containing the settings for reachability analysis using the

CORA toolbox (see Sec. 7.6).

Code examples for the polynomial control algorithm are provided in the directory /example/poly-
nomialControl/... in the AROC toolbox.

2.1.5 Combined Control

Combined control implements the control algorithm described in [13], which combines continuous
feedback based on the optimization based control algorithm in Sec. 2.1.1 with feed-forward
control based on the generator space control algorithm in Sec. 2.1.3. Due to the continuous
feedback, the optimization based controller is very robust against disturbances. However, since
the control law tracks the reference trajectory and the distance between reachable states and
reference trajectory can be quite large, the feedback matrices that are automatically determined
by the algorithm are usually quite conservative to guarantee that the input constraints are
satisfied. In order to avoid the disadvantage and use more aggressive feedback matrices for
faster disturbance rejection the combined control algorithm uses a different reference trajectory
for each state inside the initial set. In summary, the control algorithm consists of the following
two steps:

1. Feed-forward control: Compute an initial-state-dependent reference trajectory using
the generator space control algorithm.

2. Continuous feedback: Use optimization to compute a suitable feedback matrix for
tracking the initial-state-dependent reference trajectory.

An illustration of the combined control algorithm is shown in Fig. 9.

L f
Ro T_. K

Figure 9: Illustration of the combined control algorithm.

The combined control algorithm uses the following control law:

ue(@, 2(0),1) = uyf(2(0), 1) + K(2(t) — z57(2(0),1)), (9)

where ugr(2(0),t) € R™ and z¢¢(2(0),t) € R™ represent the control inputs and the states of the
initial-state-dependent reference trajectory computed with the generator space control algorithm
in Sec. 2.1.3. The control input us¢(x(0),t) is piecewise constant, where the number of pieces
is N € N>g. To leave some control input for the feedback controller, the feed-forward control
law ufp(z(0),t) is computed using a set of tightend input constraints 4 C U. The feedback
matrix K € R™*" for the control law in (9) is determined by solving the following optimization
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problem:

ty
min max (-2 + max R uc(x,2(0),t dt.
o max Q- (z —z5)llx /0 e 1R - ue (2, 2(0), )1

p(Ruc(-)(tf)vxf) (10)

s.it. Vt € [0,t7], VZ(t) € Ry () () @V upp(x(0),t) + K(Z(t) — xp(x(0),2) €U
vt € [0,tf], Vx(0) € Ro, Yw(-) € W, Yu(:) € V: §(t,x(0),uc(-),w(-),v(-)) cX.

In order to reduce the number of variables for the optimization problem, we use a Linear
Quadratic Regulator (LQR) approach [7, Chapter 3.3] to compute the feedback matrix K. In-
stead of directly optimizing the feedback matrix K we then optimize the weighting matrices
Q € R R € R™™ from the cost function of the Linear Quadratic Regulator, where we
choose the weighting matrices to be diagonal. For solving the optimization problem (10), we
use MATLABs fmincon algorithm?. Instead of the generator space controller, it is also possible
to use the polynomial controller from Sec. 2.1.4 as the feed-forward controller.

The syntax for executing the combined control algorithm is as follows:

[obj,res] = combinedControl(benchmark, Param)
[obj, res| = combinedControl(benchmark, Param, Opts)
[obj,res| = combinedControl(benchmark, Param, Opts,Post),

where benchmark, Param, Post, obj, and res are defined as at the beginning of Sec. 2.1, and
Opts is a struct that contains the following algorithm settings:

- .N number of piecewise constant segments IV for feed-forward control
inputs us¢(2(0),t). The default value is 5.

— .feedForward feed-forward controller used, which can either be the gen-
erator space controller from Sec. 2.1.3 (Opts.feedForward
= ’genSpace’) or the polynomial controller from Sec. 2.1.4
(Opts.feedForward = ’poly’). The default is the generator
space controller.

— .reachSteps number of time steps for reachability analysis during one of the N
piecewise constant segments. The default value is 10.

— .reachStepsFin number of time steps for reachability analysis during one of the
N piecewise constant segments for the computation of the final
reachable set after the optimization finished. To accelerate the
optimization it is advisable to use less reachability time steps dur-
ing optimization than for the computation of the final reachable
set. The default value is 50.

— .scale: scaling factor used to determine set of tightened input constraints
U C U. The default value is 0.9.

-.Q state weighting matrix @@ € R™ " for the cost function
P(Ru.(y(ts),xg) in (10). The default value is the identity ma-
trix.

- .R input weighting matrix R € R™*™ for the cost function

p(Ruc(.)(t £),zs) in (10). The default value is an all-zero matrix.

’https://de.mathworks.com/help/optim/ug/fmincon.html
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— .Qff state weighting matrix Q € R™*" for the feed-forward controller
(see Sec. 2.1.3). The default value is the identity matrix.

— .Rff input weighting matrix R € R™*™ for the feed-forward controller
(see Sec. 2.1.3). The default value is an all-zero matrix.

— .finStateCon flag specifying whether the additional constraint that the final
reachable set has to be located inside the shifted initial set is
applied (Opts.finStateCon = true) or not (Opts.finStateCon
= false). The default value is false.

— .maxIter maximum number of iterations for MATLABs fmincon algo-
rithm that is used to solve the optimization problem (8) (see
https://de.mathworks.com/help/optim/ug/fmincon.html).
The default value is 5.

— .bound scaling factor 0 between the upper and the lower bound for the
entries of the LQR weighting matrices () and R used to calculate
the feedback matrix K. It holds for all matrix entries @;; and
R; ; that Q;; € [1/6,9] and R;; € [1/6,6]. The default value is

1000.

— .refTraj struct containing the settings for the reference trajectory (see
Sec. 7.4).

— .cora struct containing the settings for reachability analysis using the

CORA toolbox (see Sec. 7.6).

Code examples for the combined control algorithm are provided in the directory /example/com-

binedControl/... in the AROC toolbox.

2.1.6 Safety Net Control

While all previous control algorithms introduced in this section are able to guarantee safety, they
are usually not optimal with regard to other criteria such as comfort, energy consumption, or
low wear. To solve this issue, safety net control implements the control algorithm in [14], where
a safety controller is used as a safety net for a comfort controller that shows good performance
with regard to the afore mentioned criteria. To guarantee safety for the overall control approach,
we perform the following procedure for each time step during online execution of the controller
(see Fig. 10):

1. We compute the reachable set of the comfort controller to check if the comfort controller
satisfies input and state constraints.

2. If the comfort controller is safe, we apply the comfort controller for the current time step.

3. If the comfort controller is not safe or the final reachable set is outside the reachable set
of the safety controller, we apply the safety net controller for the current time step.

Since our goal is to minimize the number of cases where the safety controller has to take over,
we want to design a safety net controller that maximizes the size of the reachable set to give the
comfort controller some space. To achieve this, the safety net controller is computed based on
backward reachable sets, where the shifted initial set Ry — center(Rg) + x7 is used as a goal set
that should be reached at the end of the time horizon ;. The control law is then computed by
optimization with the goal to maximize the size of the set that can be controlled into the goal
set. Moreover, the time horizon is divided into N time steps, where in each time step either the
comfort controller or the safety controller is active. Each time step is again divided into Nj,zer
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Figure 10: Hlustration of the safety net control algorithm with N = 3 time steps, where the
comfort controller is applied during the first two time steps, and the safety net controller takes
over during the last time step.

intermediate time steps, which correspond to the number of input changes for the safety control
law.

One problem that we are facing during online application of the controller is that the compu-
tation of the reachable set for the comfort controller requires a certain computation time tcomp.
During this time, however, the system will evolve further so that the state of the system after
the computation finished will be different from the state that we measured before the compu-
tation, which would make the computed reachable set invalid. To solve this issue, the safety
net control algorithm first predicts with reachability analysis where the system will be after the
computation finished, and then computes the reachable set starting from the set of predicted
states.

Currently, a Linear Quadratic Regulator (LQR) and a Model Predictive Controller (MPC) are
implemented as comfort controllers in AROC. Custom comfort controllers can be conveniently

added as described in Sec. 7.7.

The syntax for executing the generator space control algorithm is as follows:

[obj,res] = safetyNetControl(benchmark, Param)
[obj, res| = safetyNetControl(benchmark, Param, Opts)
[obj, res| = safetyNetControl(benchmark, Param, Opts,Post),

where benchmark, Param, Post, obj, and res are defined as at the beginning of Sec. 2.1, and
Opts is a struct that contains the following algorithm settings:

- .N number of time steps N. The default value is 10.
— .Ninter number of intermediate time steps Njpter. The default value is 4.

— .reachSteps number of time steps for reachability analysis during one of the
Ninter intermediate time steps. The default value is 10.

— .order maximum zonotope order for backward reachable sets. The default
value is 3.
— .iter number of iterations for backward reachable set refinement. The

default value is 1.

— .realTime flag specifying if the algorithm only applies the comfort controller
if the computation time is less than the allocated time Opts.tComp
(Opts.realTime = 1), or if this real-time constraint is not consid-
ered (Opts.realTime = 0). The default value is 0.
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— .tComp allocated computation time tcopmp.

— .controller string specifying the name of the comfort controller that is ap-
plied during online execution (see Sec. 7.7). Currently, the con-
trollers *LQR’ and ’*MPC’ are available. If multiple comfort con-
troller should be applied in parallel, Opts.controller is specified
as a cell-array.

— .contrOpts  struct containing the settings for the comfort controller (see
Sec. 7.7). If multiple comfort controller should be applied in par-
allel, Opts.contrOpts is specfied as a cell-array.

— .refTraj struct containing the settings for the reference trajectory (see
Sec. 7.4).
— .cora struct containing the settings for reachability analysis using the

CORA toolbox (see Sec. 7.6).

Code examples for the safety net control algorithm are provided in the directory /example/safe-
tyNetControl/... in the AROC toolbox.

2.2 Model Predictive Control

Model predictive control (MPC) aims to stabilize the system for an infinite time horizon ty = oo.
To achieve this, we consider a terminal region 7 (see Sec. 4) around the equilibrium point zy € T
for which we have a controller that is guaranteed to stabilize the system around z; for all states
inside the terminal region. The goal is then to synthesize a suitable control law u.(Z(t),t) that
drives the system from its current state to the terminal region while minimizing the cost function

topt

T
Iw1) = (alto) = 29)" - Q- (alto) — ) + [ u()T - B-ult) a, (1)
t=0
where t,,; is the lookahead time. For controller synthesis we then apply the following procedure
(see Fig. 11) which is commonly used in MPC:

1. Based on the current measurement of the system state Z(t), we compute an optimal control
law u.(Z(t),t) that minimizes the cost function J(z,u) and guarantees that the system
reaches the terminal region 7 after time t,;.

2. We apply the optimal control law u.(Z(t),t) for the time period ¢ € [0,tspt/N], where N
is the number of time steps.

3. We measure the system state and try to compute a control law u.(Z(t),t) with lower costs
than the old control law u.(Z(t),t) based on the updated system state.

This procedure is repeated until the system reaches the terminal region. To guarantee that
the terminal region is reached in finite time we consider an additional contraction constraint
(see [15, Eq. (13)]) when optimizing the control law u.(Z(t),t). One key difference of the MPC
algorithms in AROC compared to other MPC approaches is that reachability analysis is used to
verify that input and state constraints are satisfied despite disturbances acting on the system.

One problem that we are facing with the procedure described above is that the computation
of the new optimal control law u.(Z(t),t) as well as the verification of the control law using
reachability analysis require a certain computation time t.4y,,. During this time, however, the
system will evolve further so that the state of the system after the computation finished will
be different from the state that we measured before the computation. Since we computed
and verified the new optimal control law based on the state measured before the start of the
computation, our new control law would therefore be invalid. To solve this issue the reachset
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Figure 11: Illustration of model predictive control based on reachable sets.

MPC algorithm first predicts with reachability analysis where the system will be after the
computation finished, and then computes a new optimal control law based on the set of predicted
states (see Fig. 11).

The syntax for running the control algorithm is identical for all model predictive controllers
implemented in AROC:

res = controlAlgorithmName(benchmark, Param, Opts),

where controlAlgorithmName € {reachsetMPC,1inSysMPC} is the name of the MPC control
algorithm and the input arguments are defined as
e benchmark name of the benchmark system that is considered (see Sec. 6).
e Param struct containing the parameter that define the control problem
— .x0 initial state z(0) € R".
— .xf desired final state zf (see (7)).

— .U set of input constraints U (see (1)) represented as an object of
class interval (see [4, Sec. 2.2.1.2]).

—.W  set of disturbances W (see (1)) represented as an object of class
interval or zonotope (see [4, Sec. 2.2.1]).

— .V set of measurement errors V (see (2)) represented as an object of
class interval or zonotope (see [4, Sec. 2.2.1]).

— .X  set of state constraints X (see (1)) represented as an object of class
polytope (see [4, Sec. 2.2.1.4)).

e Opts struct containing the settings for the control algorithm.

and the output arguments are defined as

e res object of class result (see Sec. 7.1) that stores the computed reachable set of
the controlled system.

In the following sections we describe the model predictive control algorithms that are imple-
mented in AROC in detail.

2.2.1 Reachset Model Predictive Control

For model predictive control of nonlinear systems AROC implements the reachset MPC algo-
rithm in [15]. This algorithm applies the tracking controller

ue(Z(t), 1) = tres (1) + K(8)(T(t) — Zrep (1)), (12)
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which is synthesized using the following three step procedure:

1. The piecewise constant reference input u,.¢(t) for the reference trajectory x,.¢(t) is deter-
mined by solving an optimal control problem that minimizes the cost function J(z,u) in
(11). The number of piecewise constant segments for w,.f(t) is N - Nipter and a tightened
set of input constraints &/ C U as well as a tightend set of state constraints X C X are
used so that some control input and space is left for the feedback part of the tracking

controller.

2. The feedback matrix K (t) is determined by applying the Linear Quadratic Regulator
(LQR) approach [7, Chapter 3.3] with weighting matrices Qg and R4, to the linearized

system.

3. The reachable set of the controlled system is computed to check if the synthesized controller

uc(Z(t),t) is robustly safe despite disturbances and measurement errors.

The syntax for running the reachset model predictive control algorithm is as follows:

where benchmark, Param, and res are defined as at the beginning of Sec. 2.2, and Opts is a

res = reachsetMPC(benchmark, Param, Opts)

struct that contains the following algorithm settings:

— .t0pt
- .N
— .Ninter

— .reachSteps

— .scale:

— .termReg:

— .Qlqgr

— .Rlar

— .realTime

— .tComp
— .alpha

lookahead time ., (see Sec. 2.2).
number of time steps N. The default value is 10.
number of intermediate time steps Nipter. The default value is 1.

number of time steps for reachability analysis during one of the
Ninter time steps. The default value is 10.

scaling factor used to determine the tightend input and state con-
straints U and X from the sets ¢/ and X. The default value is 0.9.

terminal region 7 represented as an object of class polytope (see
[4, Sec. 2.2.1.4]) or class terminalRegion (see Sec. 4).

state weighting matrix @ € R"*™ for the cost function J(z,u) in
(11). The default value is the identity matrix.

input weighting matrix R € R™*™ for the cost function J(x,u) in
(11). The default value is an all-zero matrix.

state weighting matrix @ € R™*"™ used to compute the feedback
matrix K for the tracking controller (12) with an LQR approach.
The default value is the identity matrix.

input weighting matrix R € R™*™ used to compute the feedback
matrix K for the tracking controller (12) with an LQR approach.
The default value is an all-zero matrix.

flag specifying if the algorithm only switches to a new solution if
the computation time is less than the allocated time Opts.tComp
(Opts.realTime = 1), or if this real-time constraint is not consid-
ered (Opts.realTime = 0). The default value is 1.

allocated computation time tcopmp.

contraction rate « for the contraction constraint (see [15,
Eq. (13)]). The default value is a = 0.1.
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— .maxIter maximum number of optimization iterations for the optimal con-
trol problem. The default value is 10.

— .cora struct containing the settings for reachability analysis using the

CORA toolbox (see Sec. 7.6).

Code examples for reachset model predictive control algorithm are provided in Sec. 8.2 and in
the directory /examples/reachsetMPC/... in the AROC toolbox.

2.2.2 Model Predictive Control for Linear Systems

For model predictive control of linear systems AROC implements the MPC algorithm in [16].
This approach considers a sampled-data controller

uc(Z(t),t) = up + K ((tr) — ay), t € [tr, tpsa] (13)

which updates the control input at discrete time points g = 0,t1 = At,ts = 2At, ... NAt only,
where the time step size At = t,,;/N is given by the lookahead time ¢,,; divided by the number
of time steps N. If the feedback matrix K in (13) is not provided by the user, it is determined by
applying a Linear Quadratic Regulator (LQR) approach [7, Chapter 3.3] with weighting matrices
Qigr and Ryg,. The correction inputs uy, in (13) are optimized during controller synthesis so that
the cost function J(x,u) in (11) is minimized. While for nonlinear systems we first synthesized
the control law and then used reachability analysis to verify it (see Sec. 2.2.1), for linear system
controller synthesis and verification with reachability analysis can be combined into a single
linear optimization problem that can be solved very efficiently. AROC supports the solvers
Gurobi?® and Mosek?* in addition to the Matlab build-in linear programming solvers, where the
best available solver is determined automatically. Since we can only switch to an updated control
law at discrete points in time, the allocated computation time teomp (see Sec. 2.2 is given by the
size of one time step teomp = topt/IN.

The syntax for running the model predictive control algorithm for linear systems is as follows:
res = 1inSysMPC(benchmark, Param, Opts)

where benchmark, Param, and res are defined as at the beginning of Sec. 2.2, and Opts is a
struct that contains the following algorithm settings:

— .t0pt lookahead time ¢, (see Sec. 2.2).

- .N number of time steps N. The default value is 10.

— .termReg: terminal region 7 represented as an object of class polytope (see
[4, Sec. 2.2.1.4]) or class terminalRegion (see Sec. 4).

-.Q state weighting matrix @ € R™*"™ for the cost function J(z,u) in
(11). The default value is the identity matrix.

- .R input weighting matrix R € R"*™ for the cost function J(z,u) in
(11). The default value is an all-zero matrix.

- K feedback matrix K € R"™*" for the control law (13).

— .Q1lqr state weighting matrix Q4 € R"*"™ used to compute the feedback

matrix K for the control law (13) with an LQR approach (only if
Opts.K is not specified). The default value is the identity matrix.

3https://www.gurobi.com/
“https://www.mosek.com/
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— .Rlqgr input weighting matrix R € R"™*™ used to compute the feedback
matrix K for the control law (13) with an LQR approach (only if
Opts.K is not specified). The default value is an all-zero matrix.

.realTime flag specifying if the algorithm only switches to a new solution if
the computation time is less than the allocated time Opts.tComp
(Opts.realTime = 1), or if this real-time constraint is not consid-
ered (Opts.realTime = 0). The default value is 1.

— .alpha contraction rate « for the contraction constraint (see [16,
Eq. (12)]). The default value is a = 0.1.

— .cora struct containing the settings for reachability analysis using the

CORA toolbox (see Sec. 7.6).

Code examples for the model predictive control algorithm for linear systems are provided the

directory /examples/linSysMPC/... in the AROC toolbox.
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3 Maneuver Automata

In Sec. 2.1 we described how motion primitive based control algorithms can be used to construct
feasible controllers for single motion primitives offline. This section now explains how a maneuver
automaton can be generated from these offline generated motion primitives (see Sec 3.1), and
how online planning tasks can be solved with this maneuver automaton (see Sec. 3.5). An
illustration of online motion planning with a maneuver automaton is shown in Fig. 12.

Figure 12: Illustration of online motion planning for an autonomous vehicle with a maneuver
automaton. The reachable set of the vehicle center Ruc(.)(t) is shown in light gray, and the
occupancy set O(t) of the vehicle is depicted in dark gray.

3.1 Class maneuverAutomaton

Maneuver automata are in AROC represented by the class maneuverAutomaton. An object of
class maneuverAutomaton can be constructed as follows:

obj = maneuverAutomaton(primitives, shiftFun, shiftOccFun),

where obj is an object of class maneuverAutomaton, and the input arguments are defined as:

e primitives  MATLAB cell-array storing the motion primitives, where each motion prim-
itive is represented as an object of class objController (see Sec. 7.2 and
Sec. 2.1).

e shiftFun MATLAB function handle to a system specific function shiftInitSet that
describes how to translate a set of system states under consideration of
invariant states (see Sec. 3.3).

e shiftOccFun MATLAB  function handle to a system  specific function
shiftOccupancySet that describes how to translate the occupancy
set under consideration of invariant states (see Sec. 3.3).

When an object of class maneuverAutomaton is constructed, it is automatically determined
which motion primitives can be connected to each other. The resulting connectivity matrix is
then stored in the property .conMat of the class maneuverAutomaton. T'wo motion primitives
can be connected to each other if the final reachable set of the first motion primitive is a subset
of the initial set of the second motion primitive. Since of course a maneuver automaton with
many connections is desirable, it is important that the motion primitive based control algorithms
described in Sec. 2.1 are able to contract the reachable set to ensure high connectivity.
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3.2 Function postprocessing

Usually, the reachable set of the controlled system R, (t) (see (4)) as computed by the motion
primitive based control algorithms in Sec. 2.1 only describes the position of a certain reference
point. For the autonomous vehicle benchmark in Sec. 6.6 the control algorithms for example
compute the reachable set of the center of mass. However, for online motion planning one
also has to consider the dimensions of the vehicle when testing for collisions with static and
dynamic obstacles (see Fig. 12). We call the reachable set bloated by the vehicle dimensions
the occupancy set O(t) of the system since this set describes the space that is occupied by the
vehicle. As an example we consider the occupancy set for the autonomous vehicle benchmark
in Sec. 6.6, which is

| |x3 + cos(x2)01 — sin(x2)da Ll Cwow
O(t) - { |:1'4 =+ sin(x2)51 + COS($2)52 T e Ruc()(t)a (51 c 27 5 , 52 c 5 ) 5 ,

where [ € RT is the length and w € RT the width of the vehicle. Note that the occupancy set
usually does not have the same dimension as the reachable set.

In order to construct a maneuver automaton from motion primitives one has to provide a system
specific function postprocessing which computes the occupancy set O(t) from the reachable
set Ryc()(t) as an additional input argument Post for controller synthesis (see Sec. 2.1). This
function is then used internally to automatically compute the occupancy set from the reachable
set. The syntax for the function postprocessing is as follows:

O(t) = postprocessing(Ryc() (1)),

where the occupancy set O(t) and the reachable set R, (t) are both represented as MATLAB
cell-arrays with each entry being a struct with fields .set and .time, which store the set and the
corresponding time interval, respectively. An example for the system specific implementation
of the postprocessing function for the autonomous car benchmark in Sec. 6.6 can be found in
the file /benchmarks/automaton/postprocessing-car.m in the AROC toolbox.

3.3 Function shiftInitSet

Many systems have invariant states. The autonomous car benchmark in Sec. 6.6 for example is
translation invariant as well as rotation invariant, so that the only state that is not invariant is
the velocity of the car. Invariant states are very advantageous for the construction of maneuver
automata since they allow to shift motion primitives to different positions (see Fig. 12), which
significantly reduces the number of motion primitives that are required to solve motion planning
problems.

In AROC, the invariance of the system is defined by a system specific function shiftInitSet
which returns the set Rgp; ¢ resulting from the translation of a set of initial states Rg C R" to
the final state xy € R™ while considering the invariant states:

Rshift = shiftInitSet(Ro,xy).

A MATLAB function handle to the system specific implementation of the function shiftInitSet
has to be provided for the construction of a maneuver automaton (see Sec. 3.1).

As an example we consider the implementation of the function shiftInitSet for the autonomous
vehicle benchmark in Sec. 6.6:
-1

0 1 0 0 0 10 0 0 0

aga| o1 0 0 01 0 0 e
Rehige = Ty 0 0 cos(zye) —sin(zsa)| [0 0 cos(cz) —sin(ey) Ro es| |’

Tfa 0 0 sin(zsa) cos(zys) 0 0 sin(c2) cos(cz) cy

28



3 MANEUVER AUTOMATA

where ¢ = center(Ry) is the center of the initial set. The velocity, which is state x; is not
changed since it is not an invariant state. However, the orientation x9 and the positions x3 and
x4 are updated to the orientation and positions of the final states due to the translation and
rotation invariance of the system. Furthermore, the positions x3 and x4 are rotated due to the
change in orientation. The function shiftInitSet for the autonomous vehicle benchmark is
implemented in the file /benchmarks/automaton/shiftInitSet_car.m in the AROC toolbox.

3.4 Function shiftOccupancySet

As described in Sec. 3.3 invariant states of the system allow us to shift motion primitives to
different positions. When doing so, we of course also have to update the occupancy set O(t) (see
Sec. 3.2) for these motion primitives. In AROC, the rules for updating the occupancy set can be
specified with a system specific function shiftOccupancySet which returns the new occupancy
set after shifting the motion primitive to the new initial state g € R™ at time ¢t € RT:

Oghift(t) = shiftOccupancySet(O(t), zo, 1),

where O(t) is the original occupancy set of the motion primitive. A MATLAB function handle
to the system specific implementation of the function shiftOccupancySet has to be provided
for the construction of a maneuver automaton (see Sec. 3.1).

As an example we consider the implementation of the function shiftOccupancySet for the
autonomous vehicle benchmark in Sec. 6.6:

Ounpt = 58]« otz stz o

04 sin(zgz2)  cos(zo2)

where we assume without loss of generality that the initial orientation and positions of the
motion primitive are equal to 0. The function shiftOccupancySet for the autonomous vehicle

benchmark is implemented in the file /benchmarks/automaton/shiftOccupancySet_car.m in the
AROC toolbox.

3.5 Motion Planner

Given an offline constructed maneuver automaton, motion planning is reduced to the task of
solving a classical search problem (see Fig. 12), which can be implemented very efficiently and
is therefore well suited for online control. In AROC, online motion planning with a maneuver
automaton is implemented in the function motionPlanner:

ind = motionPlanner(obj, 2o, goalSet, statObs, dynObs, search)
ind = motionPlanner(obj, 2o, goalSet, statObs, dynObs, search, costFun)

ind = motionPlanner(obj, xo, goalSet, statObs, dynObs, search, costFun, goalFun),

where ind is a vector that stores the indices of the motion primitives that correspond to the
planned trajectory, and the input arguments are defined as

e obj object of class maneuverAutomaton that represents the maneuver automa-
ton that is used for online planning.

° I Inital state o € R™ for the motion planning problem.

e goalSet target set which should be reached by the system specified as a struct with
fields .set and .time which specify the target set and the corresponding
time interval, respectively.
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e statObs MATLAB cell-array storing the static obstacles for the motion planning
problem.

e dynObs  MATLAB cell-array storing the dynamic obstacles for the motion planning
problem, where each entry of the cell-array is a struct with fields .set
and .time which store the set and the corresponding time interval of the
dynamic obstacles.

e search  string specifying the search algorithm that is used to solve the mo-
tion planning problem. The available algorithms are depth-first search
(*depth-first’), breadth-first search (’breadth-first’), and A* search
(’Astar’).

e costFun function handle to a custom cost function for A* search.

e goalFun function handle to a custom function for checking if the goal set for motion
planning has been reached.

The sets for goal set, static obstacles, and dynamic obstacles can be represented by any of the
set representations from the CORA toolbox [4, Sec. 2.2.1]. For the car and ship benchmarks
in Sec. 6.6 and Sec. 6.9, the parameter x(, goalSet, statObs, and dynObs which define the
motion planning problem can be conveniently loaded from CommonRoad or CommonQOcean files
(see Sec. 1.7). The trajectory planned by the motion planner can be visualized and simulated
using the functions plotPlannedTrajectory, simulate, and simulateRandom located in the
directory /classes/maneuverAutomaton/.... Code examples that demonstrate the construction
of a maneuver automaton as well as online planning using the function motionPlanner are
provided in Sec. 8.3 and in the directory /examples/maneuverAutomaton/... in the AROC
toolbox.

3.6 Export to XML Format

AROC provides the possibility to save a maneuver automaton to a specfic XML format, so
that it can also be used for online motion planners that are implemented in other programming
languages (e.g. Python, C++, etc.) as well as for controlling real systems. As an example,
a recently developed motion planner for autonomous vehicles [17], which is implemented in
Python®, uses a maneuver automaton created with AROC for solving motion planning problems
from the CommonRoad framework [2].

A maneuver automaton can be saved to a XML file via the function exportXML, which has the
following syntax:

exportXML(obj,file)
exportXML(obj,file,states)
exportXML(obj,file,states, inputs),

where the input arguments are defined as

e obj object of class maneuverAutomaton that represents the maneuver automa-
ton which should be saved to XML format.

e file string with the name of the file in which the maneuver automaton is saved.

e states MATLAB cell-array containing the names of the states of the system
(e.g. {’x,y’,velocity’, orientation’} for the autonomous car benchmark
in Sec. 6.6). The default values are {'x1’,’x2’, ... }.

*https://github.com/KochdumperNiklas/MotionPlanner
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e inputs MATLAB cell-array containing the names of the inputs of the system (e.g.
{’acceleration’,’steer’} for the autonomous car benchmark in Sec. 6.6). The
default values are {'ul’,’u2’, ...}.

The structure of the XML file storing the maneuver automaton is described in detail in Sec. 7.8
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4 Terminal Region

For the model predictive control algorithms described in Sec. 2.2 one requires a terminal region
T. In this section we present algorithms to compute terminal regions. The terminal region is
defined as a set 7 C R™ for which the terminal controller u.(x(t),t) steers all points inside the
set in finite time back into the set, while satisfying input and state constraints and considering
disturbances acting on the system:

T={o|3t; e R Yu() €W, Vo() €V €lty,a,uel), w(),0()) € T,
W€ (0,47, VE(t) € Ry ()(H) @V ue(@(t),t) €U, (14)
vt e [0,t7], Yw() €W, Yo(-) €V &t ue(-),w(-),v()) € X}

In AROC, terminal regions can be computed with the function computeTerminalRegion, which
is defined as follows:

T = computeTerminalRegion(bemchmark, alg, Param, Opts),

where the output argument is the terminal region T represented as an object of class terminalRegion
(see Sec. 7.3), and the input arguments are defined as follows:

e benchmark name of the benchmark system that is considered (see Sec. 6).

e alg string specifying the algorithm that is used to compute the terminal re-
gion. The available algorithms are ’subpaving’ (see Sec. 4.1), ’1inSys’
(see Sec. 4.2) and ’nonlinSysOpt’ (see sec. 4.3).

e Param struct containing the system parameter

— .U set of input constraints U (see (1)) represented as an object
of class interval (see [4, Sec. 2.2.1.2]).

— .W set of disturbances W (see (1)) represented as an object of
class interval or zonotope (see [4, Sec. 2.2.1]).

— .V set of measurement errors V (see (2)) represented as an ob-
ject of class interval or zonotope (see [4, Sec. 2.2.1]).

— .X set of state constraints X’ (see (1)) represented as an object
of class polytope (see [4, Sec. 2.2.1.4]).

e Opts struct containing algorithm settings. Since the settings are different for each
algorithm they are documented in Sec. 4.1.

Next, we describe the different algorithms AROC provides for computing terminal regions in
detail.

4.1 Subpaving Algorithm

The approach considered first is the one in [18]. This approach represents the terminal region as
a subpaving, which is defined as the union of non-overlapping boxes [19, Chapter 3]. A schematic
visualization of the subpaving algorithm is shown in Fig. 13.

For the computation of the terminal region an equilibrium point z., € R", ue, € R™ of the
system satisfying & = f(Zeq, Ueq, 0) = 0 is considered. If the feedback matrix K € R™*" for the
terminal controller

Ue(Z(t),t) = Ueq + K(f(t) — xeq) (15)

is not provided it is computed by applying a Linear Quadratic Regualtor (LQR) approach [7,
Chapter 3.3] to the system linearized at the equilibrium point. Furthermore, the approach
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Figure 13: Illustration of the subpaving algorithm for the computation of a terminal region.

requires a set Tipiy C R"™ with z¢q; € Tinit, which is guaranteed to be part of the terminal
region. Starting from a search domain 7g,,,, the algorithm then recursively divides 7go., into
smaller boxes, and checks for each box if the reachable set of the controlled system starting
from the box reaches the terminal set 7;,;; while satisfying input and state constraints. If this
is the case, the box is added to the subpaving representing the terminal region. Otherwise,
the box is divided into smaller boxes and the procedure is repeated until a certain recursion
limit is reached. Subpavings have the disadvantage that containment checks as required for
model predictive control are computationally demanding. Our implementation of the algorithm
therefore automatically computes a polytope P C T which is an inner-approximation of the
subpaving, and therefore guaranteed to be contained in the terminal region. For polytopes, set
containment checks are very fast.

The settings for the subpaving algorithm, which are specified as fields of the struct Opts (see
Sec. 4), are as follows:

— .Tdomain search domain 7g,,, C R" represented as an object of class interval
(see [4, Sec. 2.2.1.2]).

— .Tinit initial guess T+ C T for the terminal region represented as an object
of class interval (see [4, Sec. 2.2.1.2]).

— .xEq equilibrium point z., € R™.
— .uEq control input for the equilibrium point u., € R™.
— .numRef recursion limit Opts.numRef > 1 for the number of refinement of the

box sizes. The default value is 4.

— .enlargeFac enlargement factor Opts.enlargeFac > 1 applied to enlarge the initial
guess T;n;¢+ in order to accelerate the computation. The default value is
1.5.

— .tMax final time for reachability analysis.
— .reachSteps number of reachability steps. The default value is 100.
- .K feedback matrix K € R™*"™ for the terminal controller.

-.Q state weighting matrix @ € R™*™ used to compute the feedback matrix
K for the terminal controller with an LQR approach (only if Opts.K is
not specified). The default value is the identity matrix.
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- .R input weighting matrix R € R™*™ used to compute the feedback matrix

K for the terminal controller with an LQR approach (only if Opts.K is
not specified). The default value is the identity matrix..

— .cora struct containing the settings for reachability analysis using the CORA
toolbox (see Sec. 7.6).

Code examples for terminal region construction using the subpaving algorithm are provided in
the directory /example/terminalRegion/examples/... in the AROC toolbox.

4.2 Approach for Linear Systems

Another approach for computing terminal regions is the one from [20] and [21], which specializes
on linear systems of the form

(t) =Ax(t)+Buc(x(t), t)+Ew(t) + x,

B(t) = a(t) FFu(t) + 7. (16)

The value of z represents the state of the system (e.g., the exact position and velocity of an
autonomous car), whereas ¥ is the output of the system that may be affected by measurement
errors (e.g., the velocity of a car measured by a speedometer and displayed to the user), and we
assume T can be measured at discrete times tj € [0,¢enq] where tp, = kAt for k = 0,...,N. The
function w is the disturbance (such as gusts of wind hitting the car from a random direction,
or small vibrations of the vehicle). On the other hand, v represents the measurement errors.
Finally, the form of the control input u will depend on the sub-algorithm (see below in (17), (18),
and (19)). Two sub-algorithms are available for this approach: either the terminal region is first
approximated using a ’fixed’ invariant set, or it is directly computed using an ’implicit’
optimization problem. Note that the ’>fixed’ method can not handle measurement errors, i.e.,
there must hold F = 0 and v = 0, implying z = x. Furthermore, the ’implicit’ method
can only handle zonotopic terminal regions, while the >implicit’ method can represent the
terminal region either as a zonotope or an ellipsoid.

4.2.1 Fixed Terminal Region

Just like the subpaving algorithm, we first compute the terminal region around an equilibrium
point z.; € R", ue, € R™ satisfying @ = Axey + Bueg = 0. The high-level concept of the
>fixed’ algorithm consists of two phases (see [20]):

1. First, a safe terminal set 7Ty;, is constructed, which is an outer approximation of the
minimal robust positively invariant set of the closed-loop system under the control law in
(17). We compute the reachable set of the controlled system starting from a search domain
Tdom and from the equilibrium point z, in parallel until both reachable sets converge to
a common set with tolerance € > 0.

2. The aim of the second step is to determine a larger terminal set 7 by solving a convex
optimization problem with the goal of steering all states in N time steps into the previously
determined terminal set Tr;p,.

A schematic visualization of this approach is shown in Fig. 14.

For the first phase the control law
Ue((t),t) = teg + K ((tk) — Teq), t € [th, trt] (17)
is used for the terminal controller, while for the second phase the control law

Ue(x(t),t) = teqg + K (2(ty) — Teq) + cup + Gu i B, t € [k, tpi1] (18)

34



4 TERMINAL REGION

Figure 14: Illustration of terminal region computation using the zonotope approach for linear
systems, where the reachable sets for phase one starting from the search domain 7y, and from
the equilibrium point z., are depicted in blue and black, respectively.

is applied. The value g in (18) represents the zonotope parametrization that corresponds to the
initial state x(0), and is determined from the equation

.’II(O) =c+ Gﬁxed /87

where ¢ and Gfyeq are the center and generator matrix of the zonotope that represents the
terminal region 7. The values ¢, and G, that define a correction control input are optimized
together with proper scaling factors for the generators of the zonotope 7 by the optimization
problem that is solved in the second phase. If the feedback matrix K € R™*™ is not specified,
a suitable feedback matrix is determined by applying a Linear Quadratic Regualtor (LQR)
approach [7, Chapter 3.3]. For the convex optimization problem in phase two, AROC supports
the solvers Gurobi® and Mosek” in addition to the Matlab built-in solver coneprog®, where the
best available solver is determined automatically.

4.2.2 Implicit Terminal Region

One of the drawbacks of the >fixed’ method is that the terminal set remains fixed after the first
phase of the algorithm, which naturally limits the overall size of the terminal region computed
in the second phase. A simple alternative is to leave the terminal set variable, so that we only
need to verify that the condition (14) holds (see [21]). We choose the output feedback controller
similarly to (18):

uc(Z(t),t) = KZ(t;) + cui + Gux,iB + Guy,iBy, for t € (t;,tiv1], (19)

where K is a stabilizing feedback gain as in Section 4.2.1. The values ¢, ;, Gy x i, and Gy
that define a correction control input are optimized together with proper scaling factors for
the generators of the set 7 @& FV by the optimization problem. The values § and [y are
parametrizations of Z(0), determined from the equation

Z(0) = ¢ + Giixea 8 + F Gy By,

where ¢ and Gfyeq are the center and generator matrix of the set that represents the terminal
region 7. Note that 7 can be represented either as a zonotope or an ellipsoid.

Shttps://www.gurobi.com/
"https://www.mosek.com/
Shttps://de.mathworks.com/help/optim/ug/coneprog.html
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The settings for the approach for linear systems, which are specified as fields of the struct Opts

(see Sec. 4), are as follows:

— .terminalRegionType

— .terminalRegionSet

— .Tdomain

— .xEq
— .uEq

— .timeStep
- .N
-.K
- .q

— .genMethod

— .nGenerators

method used for computing the terminal region, i.e., >implicit’ or
>fixed’. The default is implicit’.
set type of the terminal region, i.e., >zonotope’ or ’ellipsoid’. The

default is >zonotope’. The option ’ellipsoid’ is not available for the
>fixed’ method.

search domain 7g,, C R"™ represented as an object of class interval
(see [4, Sec. 2.2.1.2]). If no search domain is given, Tdomain is computed
automatically based on Param.X (see Section 4). Only required for the
>fixed’ method.

equilibrium point z., € R". The default value is 0. Only required for
the >fixed’ method.

control input for the equilibrium point u., € R™. The default value is
0. Only required for the *fixed’ method.

time step size At for the sampled-data controller.

number of time steps. The default value is 10.

feedback matrix K € R™*"™ for the terminal controller.

state weighting matrix Q € R™*™ used to compute the feedback matrix
K for the terminal controller with a LQR approach (only if Opts.K is
not specified). The default value is the identity matrix.

input weighting matrix R € R™*™ used to compute the feedback matrix

K for the terminal controller with a LQR approach (only if Opts.K is
not specified). The default value is the identity matrix.

string specifying the method that is used to select the generator matrix
Gfixed for the terminal region 7. The available methods are > spherical’
(uniformly sampled directions from the unit sphere) and ’provided’
(matrix provided by user in Opts.G). The default value is ’spherical’.

if . genMethod=’spherical’, then .nGenerators should be the number
of generators for the fixed generator matrix.

generator matrix Gfyeq for the terminal region 7 (only if
Opts.genMethod="provided’).

Furthermore, the struct Param presented in Sec. 4 can be expanded with the following optional
arguments, to constrain the output y and define F' and 7 (see (16)):

- .F defines the matrix F' in (16). The default value is 0. Param.F is not
available for the *fixed’ method.

— .gamma  defines the vector v in (16). The default value is 0. Param.gamma is not
available for the ’fixed’ method.

-.Y set of output constraints ) (i.e., y must be constrained to the set ),
similarly to the set of state constraints X, see (1)) represented as an
object of class polytope (see [4, Sec. 2.2.1.4]). The default value is
a polytope representing R™. Param.Y is not available for the >fixed’

method.
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— .Yexact set of exact output constraints YVexact (i.e., Yexact = & + v must be
constrained to the set Vexact, similarly to the set of state constraints X,
see (1)) represented as an object of class polytope (see [4, Sec. 2.2.1.4)).
The default value is a polytope representing R"™. Param.Yexact is not
available for the >fixed’ method.

Code examples for terminal region construction using the zonotope approach for linear sys-
tems are provided in Sec. 8.4 and in the directory /examples/terminalRegion/... in the AROC
toolbox.

4.3 Optimization-based Approach for Nonlinear Systems

As for the previously presented approaches, the ones presented in [22] and [23] compute a
zonotopic terminal region around an equilibrium point z., € R", u., € R™ satisfying & =
f(Zeq, ueq, 0) = 0. In [22] and [23], a terminal region and an associated invariance-preserving
controller of nonlinear sampled-data systems are jointly synthesized by computing solutions of
the following non-convex optimization problem:

max VOLUME (T') (20a)
such that R (AL, T, uc) C 7, (20b)
R((0,A8], T, ue) C X, (20¢)

Ve e T tuc(x) €U. (20d)

To realize a possibly large region of safe operation, the volume of the terminal region is chosen
as the cost function. Since we consider sampled-data systems, the control input is updated at
discrete time points tg = 0,t; = At,to = 2At,... only. Therefore, feasibility of the control
inputs only has to be checked at tg, see (20d). For both approaches, the control law is”

Uc(T) = Ueq + ¢y + Gua(z), (21)

where the a(z) parameterizes = in T, ie., x = ¢ + Gra(x). Asin 77, the values ¢, ;, and G,
are optimized together with scaling factors for the generators of the zonotope 7. We provide
several options for computing the initial guess for 7, whose generators can be combined to
increase the flexibility (see the list of algorihtm settings below on how to pass the weights for
combining the generators):

e ’minRPI’: the approach in [20, Sec. IV-A], which computes an outer-approximation of
the minimal robust positively invariant set of the linearized dynamics;

e ’RiccatiEq’: a zonotope inscribed into the ellipsoid (see [24, Theorem 2]), which has the
solution of the algebraic Riccati equation for the linearized dynamics as its shape matrix;

e ’minRCI’: the approach for computing a robust control invariant set for the linearized
dynamics from [25, Theorem 2]; and

e ’bwReachInputs’: the one-step backward reachable set from x., of the linearized nominal
dynamics.

9Note that the approach from [23] also supports control laws that are polynomial in a(z), see [23, Sec. ITI-A].
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Note that no initial guess for ¢, ; and G, j is required for the approach [22]. For the approach
[23], we obtain an initial guess for the controller parameters by solving the condition in (20b)-
(20d) for a linear approximation of the dynamics.

The approach in [22] is based on the linearization-based approach for reachability analysis [26]
and solves a sequence of convex programming approximations of (20). To reduce conservatism,
the approach in [23] is based on the polynomialization-based approach for reachability analysis
[27] which uses higher-order abstractions of the nonlinear dynamics. A solution of (20) is
obtained by solving a sequence of polynomial programs. For the convex optimization problems,
we recommend the solver Mosek!?, while solving the polynomial programs requires IPOPT,
which we interfave via CasADi'! (both IPOPT and interface provided by CasADi).

The settings for the approach, which are specified as fields of the struct Opts (see Sec. 4), are

as follows:

— .xEq

— .uEq

— .timeStep

— .termRegOrder

— .nonlinSysTermRegAlg:

— .sysType:

— .integrator:

— .initialGuess:

e weights:

— .verbose:

— .solverSettings

equilibrium point z., € R™.
control input for the equilibrium point u., € R™.
time step size At > 0 for the sampled-data controller.

zonotope order of T, where Opts.termRegOrder > 1. The default value
is b.

string specifying which algorithm is used to compute the terminal region.
Admissible values are ’1in’ (for the linearization-based approach in
[22]) and ’poly’ (for the polynomialization-based approach in [23]).

type of dynamical system - sampled-data or discrete-time system (only
implemented for the linearization-based approach). Admissible values
are specified by the enumeration ’termRegSysType’.

(optional) integration scheme for time-discretizing the dynamical system
- only considered if Opts.sysType = termRegSysType.DT. Admissible
values are specified by the enumeration ’discretizeDynamics’.

struct containing the parameters for the computation of an initial guess

for T:

struct storing the weighting factors for combining different initial
guesses. Valid fields names are RiccatiEq’, minRCI’, minRPI’, and
>bwReachInputs’. All field values must be non-negative.

state weighting matrix @@ € R™ "™ used for the initial guess approaches
’RiccatiEq’ and/or minRPI’. The default value is the identity matrix.

input weighting matrix R € R™*" used for the initial guess approaches

’RiccatiEq’ and/or minRPI’. The default value is the identity matrix.

if set to true, the algorithm prints information about each iteration to
the command window. If set to false, no iterative output is shown.

struct containing additional algorithm-specific param-
eters, for  more  details see the properties of the
classes ’computeTermRegNonlinSysLinApproach’ and

’computeTermRegNonlinSysPolyApproach’.

Code examples are provided in Sec. 8.4 and in the directory /ezamples/terminalRegion/... in

the AROC toolbox.

Yhttps://www.mosek. com/

Uhttps://web.casadi.org/get/
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5 CONFORMANT SYNTHESIS

5 Conformant Synthesis

No matter how accurate a model is, it will never fully capture all behaviors of the real system. To
formally verify the real system one therefore has to use an over-approximative model. In AROC
we obtain over-approximative models by considering uncertain inputs w € W and measurement
errors v € V (see (1)). Conformant synthesis is a method to determine the set of uncertain
inputs W C RY and the set of measurement errors ¥V C R" from measurements of the real
system, where we chose the smallest set W and V such that all measurements are covered by
the over-approximative model.

¢ -)f(fﬁ Z(t3)
2(to) - r-nee- 1‘(\‘ 2(ts) _1_)(_t_3)/‘
v(to)‘/' (t1) “U"(-t-)o\—-”" x(ts)
#(to) 2 ;?:‘tz)

Figure 15: Illustration of conformant synthesis.

In detail, conformant synthesis is defined as follows: Given a measurement ()? ,U,T) consisting

of the measured trajectory X = [Z(to),...,Z(tx)] € R™X the corresponding piccewise con-
stant input signal U = [u(to),...,u(tx_1)] € R™*E =1 and the vector of measurement times
T = [to,...,tx] € RE, the conformance checking algorithm determines a sequence of piecewise
constant uncertain inputs w(to), ..., w(tx—1) and measurement errors v(tp), ..., v(tx) matching

the measured trajectory X by solving the following optimization problem:

K-1 K
win, ol X w07 w) + 0 -0 (3o o0
w(to),...,w(t}(_l) i—1 i—1
U(to),...,v(t}()
tir1—t; (22)
sit. x(tiyr) = x(t;) +/ fz(ts), uti), w(t;)) dt, Vi=0,...K —1,
0

z(t;) = z(t;) +v(t;), Vi=0,...K,

where the user-defined parameter p € [0,1] defines how much uncertainty is captured by the
set of uncertain inputs W and now much by the set of measurement errors V. To obtain
reliable values for the model uncertainty one has to consider many different measurements
from the real system which correspond to all possible system behaviors. We therefore solve
a separate optimization problem (22) for each measured trajectory of the system. The resulting
uncertain inputs and measurement errors are then tightly enclosed by sets W and V such that
Vi=1,...,K—1: w(t;) e Wand Vi=1,...,K : v(t;) € V. A visualization of conformance
checking is shown in Fig. 15.

The syntax for the conformance checking algorithm implemented in AROC is as follows:

[W, V] = conformantSynthesis(benchmark, measurements)

[W, V] = conformantSynthesis(benchmark, measurements, Opts),

where the input arguments are defined as follows:

39



5 CONFORMANT SYNTHESIS

e benchmark name of the benchmark system that is considered (see Sec. 6).

e measurements cell-array storing the measurements of the system as a list, where each
entry corresponds to one measured trajectory, which is represented as a
struct with the following fields:

— .x  matrix X = [Z(ty), ..., 2(tx)] € R™K storing the measured
system states.
—.u matrix U = [u(ty),...,u(tg_1)] € R™E=D storing the

piecewise constant control inputs corresponding to the mea-
sured trajectory.

— .t vector T = [to,...,tx] € RE storing the discrete time points
at which the system state is measured.

e Opts struct containing algorithm settings:

— .set string specifying the set representation that is used to
represent the sets VW and V. The available set repre-
sentations are ’interval’ (see [4, Sec. 2.2.1.2]) and
’zonotope’ (see [4, Sec. 2.2.1.1]). The default value
is ’interval’

— .group Number of measurement points that are grouped to-
gether into a single optimization problem. The default
value is 10.

— .measErr flag specifying if a set of measurement errors V is
used in addition to the set of uncertain inputs W to
capture the uncertainty (Opts.measErr = true) or
not (Opts.measErr = false). The default value is
false.

— .mu parameter p € [0,1] in (22) that defines how much
uncertainty is captured by the set of uncertain inputs
W and how much by the set of measurement errors V.
The default value is 0.5.

Code examples demonstrating conformant synthesis are provided in Sec. 8.5 and in the directory
/example/conformance/... in the AROC toolbox.
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6 Benchmarks

In this section we provide a short description for all benchmark systems contained in the AROC
toolbox. New custom benchmarks can be easily added as described in Sec. 6.14. The code for
all benchmarks is contained in the directory /benchmarks/.. in the AROC toolbox.

6.1 Double Integrator

The first benchmark system is a simple double integrator that describes a point-mass sliding
frictionless on a plane [20, Sec. V.A] (see Fig. 16).

r T

=1 @ —
NSNNNNNNNNN

Figure 16: Visualization of the double integrator benchmark system.

The system dynamics for the double integrator is as follows [20, Sec. V.A]:

T1 = x2 + Wi

. 1
€T = —U+w2,
m

where the system states are the position x1 = x and the velocity zo = & of the point-mass, the
system input is the force u = F', and the weight of the point-mass is m = 1kg. The input con-
straint is v € [—1,1]N and the set of disturbances is w; € [—0.1,0.1]m/s and wq € [—0.1,0.1]m/s2.
Furthermore, we consider the initial set z1(0) € [—0.2,0.2Jm and z2(0) € [-0.2,0.2]m/s.

The differential equation describing the double integrator is implemented in the file /bench-
marks/dynamics/doubleIntegrator.m, and the parameters for the system are specified in the file
/benchmarks/parameter/param_doubleIntegrator.m. The name of the benchmark is benchmark
= ’doubleIntegrator’.

6.2 Cart

The second benchmark describes a cart that is coupled to the environment with a damping
element and a spring with nonlinear stiffness [28, Eq. (3)] (see Fig. 17).

m

r F
—>

Figure 17: Visualization of the cart benchmark system.

The system dynamics for the cart benchmark is as follows [28, Eq. (3)]:
Ty = w2+ wy

. 1
xQ:E(—d-xg—k-x‘z’—i-u)—kwg,
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where the system states are the position x1 = x and the velocity xo = & of the cart, the system
input is the force u = F', the weight of the cart is m = 1kg, the damping constant is d = 1kg/m,
and the spring stiffness constant is k = 1N/m2. The input constraint is u € [—14, 14]N and the
set of disturbances is w; € [—0.1,0.1]m/s and wy € [—0.1,0.1]m/s2. Furthermore, we consider the
initial set x1(0) € [—0.2,0.2]m and x5(0) € [—0.2,0.2]m/s.

The differential equation describing the cart benchmark is implemented in the file /benchmark-
s/dynamics/cart.m, and the parameters for the system are specified in the file /benchmarks/pa-
rameter/param_cart.m. The name of the benchmark is benchmark = ’cart’.

6.3 Cartpole

A classical benchmark for nonlinear control is a cartpole, where the task is to balance the pole
in its upward instable equilibrium point (see Fig. 18).

Figure 18: Visualization of the cartpole benchmark system.

The system dynamics for the cartpole benchmark is as follows (based on [29, Eq. (71)]):
T1 = x3
i‘g = T4

my, g cos(xa) sin(wa) — myla? sin(ra) +u + wy

Ba —
3 (me + my — my cos(x2)?)

(me + myp)gsin(z2) — myla? sin(ze) cos(z2) + cos(xa)(u + wy))
(mel + myl — myl cos(zg)?)

Ty = + wo

where the system states are the position x; = x and velocity x3 = & of the cart as well as the
angle 2o = ¢ and angular velocity x4 = ¢ of the pendulum, the system input is the force u = F,
the weight of the cart is m. = 1kg, the weight of the pole is m, = 0.1kg, the length of the pole
[ = 1m, and g = 9.81m/s? is the gravitational constant. The input constraint is u € [—10, 10]N
and the set of disturbances is wy € [—0.5,0.5]m/s2 and wy € [—0.02,0.02]rad/s2. Moreover, we
consider the initial set z1(0) € [—0.2,0.2]m, 22(0) € [—0.02,0.02]rad, 25(0) € [—0.2,0.2]m/s, and
x4(0) € [—0.02,0.02]rad /s,

The differential equation describing the cartpole benchmark is implemented in the file /bench-
marks/dynamics/cartpole.m, and the parameters for the system are specified in the file /bench-
marks/parameter/param_cartpole.m. The name of the benchmark is benchmark = ’cartpole’.

6.4 Stirred Tank Reactor

The next benchmark is taken from [30, Sec. 5] and considers an exothermic, irreversible reaction
A — B of the reactant A to the product B inside a stirred tank reactor (see Fig. 19).
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Figure 19: Visualization of the stirred tank reactor benchmark system.

The system dynamics for the stirred tank reactor is as follows [30, Eq. (15)]:

i =2 (Cay — (z1+ CY)) — ko - e B/EEAT) (3 4+ CF) + wy

v
. q . AH _ 2oL T o
T :V(Tf —(x2+ T q)) - p-CpkO . e~ E/(R(z24T<7)) | (21 _|_CA‘1)
UA
= (u+ T — T4
+V-p-Cp(u+ S — (w2 + T°)) + wo,

where the system states are the difference of the concentration of reactant A from the equilibrium
point x1 = C4 — C%! and the difference of the reactor temperature from the equilibrium point
xo = T — T*, and the system input is the difference of the cooling stream temperature from
the equilibrium point u = T, — T¢?. The parameter are defined as C%! = 0.5mol/1, T°7 = 350K,
T:1 = 300K, q = gl/s, Ty = 350K, V = 1001, p = 1000g/1, C}, = 0.239 J/gK, AH = —5 - 10* J/mol,
E/R = 8750 J, ko = % -1010s1 UA = % - 10%J/sk. The input u is confined to the set
[—20, 70]K and the set of disturbances is wy € [—0.1,0.1]mol/is and wy € [—2,2]K/s. Furthermore,
we consider the initial set z1(0) € [—0.17, —0.13]mol/1 and x2(0) € [—48, —43]K.

The differential equation describing the stirred tank reactor is implemented in the file /bench-
marks/dynamics/stirred TankReactor.m, and the parameters for the system are specified in
the file /benchmarks/parameter/param_stirred TankReactor.m. The name of the benchmark is
benchmark = ’stirredTankReactor’.

6.5 Artificial System

Now, we consider the artificial nonlinear system in [31, Sec. 5]. The system dynamics for the
artificial system is as follows [31, Eq. (19)]:

1 = —x1 + 229 + 0.5u

To = —3x1 + 4ao — 0.253:% —2u 4+ w.

The input constraint is u € [—2,2]1/min, and the set of disturbances is w € [—0.1,0.1]1/min.
Furthermore, we consider the initial set z1(0) € [0.5,0.7] and x2(0) € [-0.65, —0.55].

The differential equation describing the artificial system is implemented in the file /bench-
marks/dynamics/artificialSystem.m, and the parameters for the system are specified in the file
/benchmarks/parameter/param_artificialSystem.m. The name of the benchmark is benchmark
= ’artificialSystem’.
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6.6 Car

One of the most often used benchmarks in AROC is the kinematic single-track model of a car
taken from [8, Sec. 6] (see Fig. 20).

L

Figure 20: Visualization of the autonomous car benchmark system.

The system dynamics for the autonomous car benchmark is as follows [8, Eq. (19)]:

T1 = uy +wp
T = ug + wa
T3 = x1 - cos(z2)

T4 = x1 - sin(zg),

where the system states are the velocity x; = v, the orientation xo = ¢, and the position
r3 = x, 4 = y of the car. The system inputs are the acceleration u; and the normalized
steering angle ug. The input constraints are u; € [—9.81,9.81|m/s2 and uy € [—0.4,0.4rad/s,
and the set of disturbances is wy € [—0.5,0.5]m/s2 and we € [—0.02,0.02|rad. Furthermore, we
consider the initial set x1(0) € [19.8,20.2]m/s, 2:5(0) € [—0.02,0.02]rad, x3(0) € [—0.2,0.2Jm and
x4(0) € [-0.2,0.2]m.

The differential equation describing the autonomous car benchmark is implemented in the file
/benchmarks/dynamics/car.m, and the parameters for the system are specified in the file /bench-
marks/parameter/param_car.m. The name of the benchmark is benchmark = ’car’.

6.7 Truck

Also the semi-trailer truck benchmark taken from [32, Sec. 6] considers autonomous road traffic
(see Fig. 21).

Figure 21: Visualization of the autonomous truck benchmark system.
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The system dynamics for the autonomous truck benchmark is as follows [32, Eq. (9)]:

T1 =u1 +wp

g = — - x4 - tan(z)
lwb
. 1 . 1
&3 = —x4 - | — sin(x3) + — tan(zy)
lwbt lwb

T4 = U + W2

&5 =y - cos(z2)

T = x4 - sin(za),
where the system states are the steering angle x1 = J, the orientation of the truck zo = ¢,
the orientation of the trailer x3 = «, the velocity x4 = v, and the position x3 = x, x4 = y of
the trucks rear axis. The system inputs are the steering velocity u; and the acceleration wuo;
lwp = 3.6m is the length of the wheelbase of the truck and [, = 8.1m is the length of the
wheelbase of the trailer. The input constraints are u; € [—1, 1]rad/s and ug € [—9.81,9.81]m/s2,
the set of disturbances is wy € [—0.02,0.02]rad/s and wy € [—0.5,0.5]m/s2, and the state con-
straints are 0.9rad < x; < 0.9rad and —7/2rad < z3 < 7/2rad. Furthermore, we consider the
initial set x1(0), 22(0),23(0) € [—0.02,0.02]rad, z4(0) € [14.8,15.2]m/s, 25(0) € [—0.2,0.2]m and
26(0) € [-0.2,0.2Jm. The desired final state 7 = Orad, x5 = Orad, 253 = Orad, x4 = 15m/s,
xy5 = 45m, and xy¢ = 3.68m should be reached after ¢y = 3s.

The differential equation describing the autonomous truck benchmark is implemented in the
file /benchmarks/dynamics/truck.m, and the parameters for the system are specified in the file
/benchmarks/parameter/param_truck.m. The name of the benchmark is benchmark = ’truck’.

6.8 Quadrotor 2D

Another benchmark taken from [33, Sec. IV.B] describes a quadrotor that flies in a 2-dimensional
plane (see Fig. 22).

Figure 22: Visualization of the 2D quadrotor benchmark system.

The system dynamics for the 2D quadrotor benchmark is as follows [33, Eq. (3)]:

Cb1:CC4
Cb2:£C5
ngZCCG

1
Ty = p” sin(x3)(uy + ug) + wq

. 1
T5 = . cos(xg)(m + uz) — g+ wy

. l
T = (UQ—U1)+U}3,

V21,
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where the system states are the positions x; = x and xo = 2z, the orientation x3 = ¢, the
velocities 4 = # and z5 = % in the spatial dimension, and the angular velocity z¢ = qS of
the quadrotor. The system inputs are the thrusts w; = 71 and us = 715 generated by the
two rotors. Moreover, the weight of the quadrotor is m = 0.027kg, the moment of inertia is
I, = 1.4-107%kgm?, the arm length of the quadrotor is [ = 0.0397m, and the acceleration due
to gravity is g = 9.81m/s2. The input constraints are u; € [0,0.2646]N and ug = [0, 0.2646]N, and
the set of disturbances is wy € [—0.1,0.1]m/s2, wy € [—0.1,0.1]m/s2, and ws € [—0.1,0.1]rad/s2,
Furthermore, we consider the initial set z1(0) € [—0.1,0.1Jm, x2(0) € [—0.1,0.1jm, z3(0) €
[—0.05,0.05]rad, 24(0) € [—0.1,0.1]m/s, x5(0) € [—0.1,0.1]m/s, and x¢(0) € [—0.05,0.05]rad/s.

The differential equation describing the 2D quadrotor benchmark is implemented in the file
/benchmarks/dynamics/quadrotor2D.m, and the parameters for the system are specified in the
file /benchmarks/parameter/param_quadrotor2D.m. The name of the benchmark is benchmark
= ’quadrotor2D’.

6.9 Ship

The ship benchmark in AROC represents the model of a container vessel taken from [34, Sec. 6]
(see Fig. 23).

Lt

Figure 23: Visualization of the container ship benchmark system.

The system dynamics for the container ship is as follows [34, Eq. (15)]:

_xl_ [ Ty
X9 R(m) x5
r3| Le
x4l T4 x4 uy w1
Ts M= -C(x) |z5| — D |o5| + |ua| + |wo
| Z6 ] L Ze e us w3
where the matrices R(z), M~!, C(x), and D are given as
cos(xz) sin(zz) O m_lxﬂ 0 0 -X, 0 0
R(z) = |sin(x3) cos(z3) 0], M= 0 Ifnivr' YT'_TCQ , D=1 0 -Y, -Y,
0 0 1 0 YTE:% m(;:v 0 —-N, —N,
0 0 —m(zgxe + x5) + Yyxs + Yezs
C(z) = 0 0 mxe — Xyy

m(zgxe + x5) — Yyxs — Yize

—mxg + XyTy
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and C,, = I,m — Nym — Y1, + N;Yy — m%f] — 2ma,Yy;. — Y. According to [34, Tab. 2], the
total vessel mass is m = 24.56 - 10%kg, the distance to the center of gravity is Ty = —2.55m, the
inertia is I, = 54.99-10%kgm?, the surge aligned force coefficient is X,, = —150.64- 103, the sway
lateral force coefficient is Y, = —218.6, the yaw lateral force coefficient is Y, = 9.277 - 103, the
sway moment coefficient is N, = —14.23 - 103, the yaw moment coefficient is N, = —1.113 - 109,
the surge-rate aligned force coefficient is X., = —1.8 - 10%, the sway-rate lateral force coefficient
is Y; = —26.54 - 10%, the yaw-rate lateral force coefficient is Y; = —283.4 - 105, and the yaw-
rate moment coefficient is Ny = —44.85 - 10°. The system states are the position z; = =,
9 = y and orientation x3 = ¢ of the vessel, the velocities 4 = vz and x5 = vy in a vessel-
fixed coordinate frame, and the angular velocity x5 = $. The control inputs are the forces
uy = F%, up = Iy expressed in the vessel-fixed coordinate frame as well as the torque uz = M.
According to [34, Tab. 1], the input constraints are u; € [—5894896.77,5894896.77|N, ug €
[—5894896.77,5894896.77|N, and uz € [—1350409.48, 1350409.48]Nm. Moreover, the disturbance
is wy € [—1000, 1000]N, wy € [—1000, 1000]N, and w3 € [—1000,1000]Nm, and we consider the
initial set z1(0) € [—1,1]m, x2(0) € [—1,1]m, 23(0) € [-0.01,0.01]rad, x4(0) € [4.8,5.2]m/s,
z5(0) € [-0.2,0.2]m/s, and z¢(0) € [—0.001,0.001]rad/s.

The differential equation describing the ship benchmark is implemented in the file /benchmark-
s/dynamics/ship.m, and the parameters for the system are specified in the file /benchmarks/pa-
rameter/param_ship.m. The name of the benchmark is benchmark = ’ship’.

6.10 Robot Arm

This benchmark describes a planar robot arm with two rotational joints (see Fig. 24).

Figure 24: Visualization of the robot arm benchmark system.

The system dynamics for the robot arm benchmark is as follows:

T = x3+wy
To = Tq + Wo
&3 = (Bdsy + 2523202)30% + 28080324 + 5ﬁ32m2 + duy — (0 + 28c2)us + w3
iy = —(afsy +28%sac0) w3 — (28052 + 4B%sac2) w34 — (5852 + 2B 5902) 25
— (0 +2Bc2)ur + (a + 2Bcz)uz + wy,
where the system states are the angles x1 = 61 and zo = 65 and the angular velocities xg = 91

and x4 = 6?2 of the first and the second joint. The system inputs are the joint torques u; = 71
and uz = 79. Furthermore, we use the shorthands ¢; = cos(61), s1 = sin(62), ca = cos(fa),
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s9 = sin(fz), a = mlr%+mgl%+m27”%+[z71+fz’2, B8 = molire, and § = m2r§+lz72. The parameter
values are m; = 1kg, mo = 1kg, r; = 0.1m, 70 = 0.1m, Iy = 0.2m, I = 0.2m, I, = 1 kg m?,
and I, = 1 kg m?, where I.1, I.o is the inertia of the two links. The input constraints
are u; € [—3,3]Nm and us € [—1,1]Nm, the set of disturbances is wi,ws € [—0.01,0.01]rad/s
and ws,wy € [—0.01,0.01Jrad/s2 and the state constraints are 0 < x; < 7 and —7 < x9 < 7.
Furthermore, we consider the initial set z1(0) € grad®[—0.05,0.05]rad, x2(0) € [-0.05,0.05]rad
and z3(0),24(0) € [—0.05,0.05]rad/s. The desired final state zy; = 2Frad, zyo = 0.4482rad,
xf3 = Orad/s, and x4 = Orad/s should be reached after ty = 1s.

The differential equation describing the robot arm is implemented in the file /benchmarks/dy-
namics/robotArm.m, and the parameters for the system are specified in the file /benchmarks/-
parameter/param_robotArm.m. The name of the benchmark is benchmark = ’robotArm’.

6.11 Mobile Robot

Next, we consider the model of a Pioneer 3DX mobile robot (see Fig. 25), which is taken
from [35].

T

X

Figure 25: Visualization of the Pioneer 3DX mobile robot.

The system dynamics for the mobile robot benchmark is as follows [35, Sec. 2.1]:

r
i = 5(954 + x5) cos(x3)
r
To = 5(964 + x5) sin(z3)
. T
T3 = 5(954 —T5)
) 1
Ta = m(Aul — AK1'4 — Bug + BK'%.EJ) + wy
1
where 2 2),2 2 2)y2
mr I+ md)r mr I+ md”)r
A= Iy, B= -
4 + b2 + 05 4 b?

The system states are the position 21 = x, 2 = y and the orientation z3 = ¢ of the mobile robot,
as well as the angular velocities x4 = 0p, 5 = 07, of the right and the left actuated wheel. The
system inputs are the torques u; = 7g and us = 77, acting on the two actuated wheels. According
to [35, Tab. 1] and [35, Tab. 2], the mass of the mobile robot is m = 28.05kg, the radius of the
wheels is r = 0.095m, and the additional parameter are defined as b = 0.32m, d = 0.0578m,
I = 17.5kgm?, Iy = 9.24-10~%kgm?, and K = 35-10~"Nms/1ad. The input constraints are uy, us €
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[—0.5,0.5]Nm, and the set of disturbances is wi,ws € [—0.001,0.001]rad/s2. Furthermore, we
consider the initial set z1(0), z2(0) € [—0.05,0.05]m, z3(0) € [—0.05,0.05]rad and z4(0), z5(0) €
1@ [—0.05,0.05]rad/s. The desired final state x¢; = 1m, x59 = Om, x¢3 = Orad/s, and x4, 254 =
1rad/s should be reached after ¢y = 15s.

The differential equation describing the mobile robot is implemented in the file /benchmarks/dy-
namics/mobileRobot.m, and the parameters for the system are specified in the file /benchmarks/-
parameter/param_mobileRobot.m. The name of the benchmark is benchmark = ’mobileRobot’.

6.12 Platoon

The next benchmark describes a vehicle platoon with N = 4 vehicles (see [6, Sec. IV]). This
benchmark can easily be extended to higher dimensions by increasing the number of vehicles N.

P1 P2 P3

AN N —

20 20 ‘o0

Figure 26: Visualization of a platoon with N = 3 vehicles.

The system dynamics for the platoon benchmark is as follows [6, Sec. IV]:

T1 = T2 To = U1 + wy

T3 = T4 T4 = U] —ug + w; — wa
T5 = T Te = Uy — U3z + wo — W3
T7 = s T4 = uz — ug + w3 — wy,

where the system states are the position x1 = p; and velocity x5 = vy of the first vehicle, and
the relative positions x3 = p1 —p2 —¢s, T5s = pa — p3 — Cs, T3 = P1 — P2 — s and relative velocities
Ty = U — Vg, Tg = Vs — U3, Tg = U3 — U4 between the remaining vehicles, where ¢, € RT is
the minimal safe distance. The system inputs are the accelerations ui, us, ug and wuy of the
four vehicles. The input constraints are uq, ug, us, ug € [—10,10]m/s2; the set of disturbances is
wy, wa, w3, wy € [—1,1]m/s2 and the state constraints are z3, x5, 27 > 0. Furthermore, we con-
sider the initial set 21(0) € [—0.2,0.2]m, z2(0) € [19.8,20.2]m/s, £3(0), z5(0), z7(0) € [0.8, 1.2]m,
and x4(0),26(0),28(0) € [-0.2,0.2]m/s. The desired final state x5 = 21m, xpo = 22m/s,
xf3,2f5,Cp7 = 1m, and x4, 256, ¢ = 0m/s should be reached after ¢ty = 1s.

The differential equation describing the platoon benchmark is implemented in the file /bench-
marks/dynamics/platoon.m, and the parameters for the system are specified in the file /bench-
marks/parameter/param_platoon.m. The name of the benchmark is benchmark = ’platoon4’.

6.13 Coupled Mass-Spring-Damper Systems

As the last benchmark, we consider a chain of n,,es coupled mass-sprig-damper systems based
on the benchmark in Sec. 6.2. The dynamics of the j—th mass are governed by the set of
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differential equations

with

3 3 C_
<$j,1 — (@j+11 — 1) ) ; J=1
3 .
i1 — xj—l,l) s J = Nmass

0.8
Fiej(@) = €0.8¢(
0.8 ((Cﬂj,l - xj,m)g - (ijrl,l - $j71)3) otherwise

% x?,z —(zj41,2 — CUj,2)2> , ji=1
Faj(®) =4 5 (22 — 2j-12)%, 7 = Nimass
5 (w2 —25-12)% — (rj412 — 2j2)%)  otherwise

where z;1,2;2 denote the deviation from the equilibrium position and velocity, respectively.
The resulting system for three masses is depicted in Fig. 27.

— —
1 X2 X3
Fa2 Fas
[ [T
L Lt
Fy.o ma Fr3 ms
- AAAA— - AAAA—

Figure 27: Chain of coupled mass-sprig-damper systems (Mmass = 3).

We consider the state constraints x;; € [—6,6lm and z;2 € [—6,6]m/s as well as the input
constraints u; € [—14,14]m/s>. The disturbance w; is confined to the set [—0.15,0.15]m/s2.

The differential equation describing the benchmark for a chain of 10 masses is implemented in the
file /benchmarks/dynamics/chainMSD_10.m and the parameters for the system are specified in
the file /benchmarks/parameter/param_chainMSD.m. The name of the benchmark is benchmark
= ’chainMSD_10’, respectively.

6.14 Adding New Benchmark Systems

To add a new custom benchmark system to the AROC toolbox one has to create a MATLAB
function
f = benchmarkName(x, u, w)

which implements the nonlinear function f(x,u,w) from the differential equation & = f(z,u,w)
(see (1)) that describes the system dynamics, where z € R™ is the vector of system states,
u € R™ is the vector of system inputs, and w € R? is the vector of disturbances. The name
benchmarkName of the function can then be used to select the desired benchmark for the control
algorithms (see Sec. 2). In general, it is sufficient if the function that implements the differential
equation is located somewhere on the MATLAB path. For the sake of clarity, however, we
recommend to store all functions that implement differential equations for benchmark system in
the directory /benchmarks/dynamics/.... Furthermore, we recommend to also store additional
benchmark parameters such as input constraints, initial set, etc., in a parameter file located in
the directory /benchmarks/parameter/....

As an example, we consider the autonomous car benchmark described in Sec. 6.6. The MATLAB
function that implements the differential equation for this system is:
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function f = car(x,u,w)

v_dot = u(l) + w(l);

psi_dot = u(2) + w(2);

x_dot = cos(x(2))*x(1);

y_dot = sin(x(2))*x(1);

f = [v_dot;psi_dot;x_dot;y_dot];
end
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7 Additional Functionality

In this section we document some additional functionality of AROC that was not yet explained
in the previous sections.

7.1 Class results

The class results stores the reachable set of the controlled system, simulated trajectories of the
controlled system, and the reference trajectory. All control algorithms return an object of class
result (see Sec. 2) which can be used to conveniently visualize and post-process the results
from controller synthesis and online application of the controller.

An object of class results can be constructed as follows:

obj = results(reachSet,reachSetTimePoint, refTraj),

obj = results(reachSet,reachSetTimePoint, refTraj, simulation),

where obj is an object of class results and the input arguments are defined as follows:

e reachSet object of class reachSet (see [4, Sec. 7.1]) storing the reach-
able set of the controlled system.

e reachSetTimePoint MATLAB cell-array storing the reachable set at the end of
each of the Opts.N time steps.

e refTraj matrix with n rows and Opts.N columns storing the refer-
ence trajectory.

e simulation MATLAB cell-array storing the different simulated trajec-
tories, where each cell is a struct with fields .t, .x, and .u
that store the time, the simulated trajectory, and the con-
trol inputs, respectively.

For visualization, the class results provides three function plotReach, plotReachTimePoint,
plotSimulation, and animate which we now explain in detail.

7.1.1 Function plotReach

The function plotReach visualizes a two-dimensional projection of the reachable set for the
controlled system:

han = plotReach(obj),
(
(
(

han = plotReach(obj, dim, color, options),

han = plotReach(obj, dim),

han = plotReach(obj, dim, color),

where obj is an object of class results and han is a handle to the plotted MATLAB graphics
object that can for example be used to add a legend to the plot. The additional input arguments
are defined as follows:

e dim integer vector dim € N2<n specifying the dimensions for which the projection
is visualized. The default value is dim = [1,2].
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e color color of the plotted set. The color can either be specified as a string with
line specifications supported by MATLAB!2, e.g., ’r’, or as a 3-dimensional
vector containing the normalized RGB values for the color, e.g., [1,0,0].

e options additional MATLAB plot specifications'® passed as name-value pairs, e.g.,
’LineWidth’. The CORA toolbox defines some additional properties (see [4,
Sec. 6.1.3]), e.g., ’0rder’, which are also supported.

Code examples that demonstrate how to use the function plotReach are provided in Sec. 8 and
in the directory /examples/... in the AROC toolbox.

7.1.2 Function plotReachTimePoint

The function plotReachTimePoint visualizes a two-dimensional projection of the time point
reachable set for the controlled system at the end of each of the Opts.N time steps:

han = plotReachTimePoint(obj),
(obj,dim),
(

(

obj,dim, color),
han = plotReachTimePoint(obj,dim, color, options),

han = plotReachTimePoint
han = plotReachTimePoint

where the input and output arguments are defined as in Sec. 7.1.1. Code examples that demon-
strate how to use the function plotReachTimePoint are provided in Sec. 8 and in the directory

/examples/... in the AROC toolbox.

7.1.3 Function plotSimulation

The function plotSimulation visualizes a two-dimensional projection of all simulated trajecto-
ries:

han = plotSimulation(obj),

han = plotSimulation(obj,dim),

han = plotSimulation(obj,dim, color),

han = plotSimulation(obj,dim, color, options),

where the input and output arguments are defined as in Sec. 7.1.1. Code examples that demon-
strate how to use the function plotSimulation are provided in Sec. 8 and in the directory
/examples/... in the AROC toolbox.

7.1.4 Function animate

The function animate shows an animation that visualizes the motion of the system for a simu-
lated trajectory of the controlled system:

animate(obj, benchmark)

(obj, benchmark, stat0Obs, dynObs, goalSet)
(

(

obj, benchmark, stat0bs, dynObs, goalSet, speedUp)
animate(obj, benchmark, stat0bs, dynObs, goalSet, speedUp, addArg)

animate

animate

where obj is an object of class results and the input arguments are defined as follows:

2https://www.mathworks . com/help/matlab/ref/linespec.html
Bhttps://www.mathworks.com/help/matlab/ref/matlab.graphics.primitive.patch-properties.html
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e benchmark name of the benchmark system that is considered (see Sec. 6).

e stat0Obs MATLAB cell-array storing the static obstacles for the motion planning
problem.

e dyn0Obs MATLARB cell-array storing the dynamic obstacles for the motion plan-
ning problem, where each entry of the cell-array is a struct with fields
.set and .time which store the set and the corresponding time interval
of the dynamic obstacles.

e goalSet target set which should be reached by the system specified as a stuct with
fields .set and .time which specify the target set and the corresponding
time interval, respectively.

e-speedUp speed-up factor for the time to make the animation run faster (speedUp
> 1) or slower (speedUp < 1).

e-addArg additional benchmark specific arguments, like for example lanelets for
the autonomous car benchmark.

The function createVideo can be used to create a video from an animation.

7.2 Class objController

As described in Sec. 1.4, the class objController is the parent class for all controller objects
that belong to motion primitive based control algorithms (see Sec. 2.1) and store the constructed
control law for one motion primitive. The class objController defines certain properties which
store all information required to construct a maneuver automaton from a list of motion primitives
with controllers represented as objects of class objController (see Sec. 3). Since the child classes
inherit these properties, it is therefore possible to construct a maneuver automaton using any
of the motion primitive based controllers from Sec. 2.1. In addition, the class objController
provides the two functions simulate (see Sec. 7.2.1) and simulateRandom (see Sec. 7.2.2), which
simulate the online application of the constructed controller.

An object of class objController can be constructed as follows:

obj = objController(dyn,Rfin, Param),
obj = objController(dyn,Rfin, Param, occSet),

where obj is an object of class objController and the input arguments are defined as follows:

e dyn MATLAB function handle to the function f(z,u,w) in (1) describing the dy-
namics of the open-loop system.

e Rfin final reachable set R,(.)(tf) at the end of the motion primitive represented
by any of the set representations from the CORA toolbox (see [4, Sec. 2.2.1]).

e Param  struct containing the parameter that define the control problem (see Sec. 2.1).

e occSet occupancy set (see Sec. 3) stored as a MATLAB cell-array, where each cell is
a struct with fields .set and .time, which store the occupancy set and the
corresponding time interval, respectively. Only required if the resulting object
of class objController is used to construct a maneuver automaton.
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7.2.1 Function simulate

The function simulate simulates the closed-loop system for an initial point zg € Ry, a specific
disturbance signal w(t) € W, and a specific measurement error signal v(t) € V:

[res,t,x,u] = simulate(obj, xq)
[res,t,x,u] = simulate(obj,xg, w(t))

[res, t,x,u] = simulate(obj, zg, w(t), v(t)),

where obj is an object of any class that is a child of class objController, res is an object
of class results (see Sec. 7.1), and t € RM x € RMX? and u € RM*™ store the time, the
states, and the inputs of the simulated trajectory, respectively, with M € N* being the number
of simulation time steps. For the disturbance signal w(t) and the measurement errors v(t) we
consider piecewise constant signals with D € NT segments, so that w(t) and v(t) are specified
as a matrix w(t) € R?*P and v(t) € R™*P,

7.2.2 Function simulateRandom

The function simulateRandom simulates the closed-loop system for £ € NT randomly selected
initial points zg € Ry and randomly selected input signals w(t):

[res,t,x,u] = simulateRandom(obj)

[res, t,x,u] = simulateRandom(obj, F, fracVert, fracDistVert, D),

where obj is an object of any class that is a child of class objController, res is an object of
class results (see Sec. 7.1), fracVert € [0, 1] is the fraction of initial points drawn randomly
from the vertices of the initial set Rg, fracDistVert € [0,1] is the fraction of disturbance
values drawn randomly from the vertices of the disturbance set W, and D € N7 is the number
of segments for the piecewise constant disturbance signals w(t) (see Sec. 7.2.1). Code examples
that demonstrate how to use the function simulateRandom are provided in Sec. 8 and in the
directory /examples/... in the AROC toolbox.

7.2.3 Function mirror

The function mirror mirrors a motion primitive along the specified symmetry axis for inputs,
states, and occupancy set dimensions:

res = mirror(obj, states, inputs)

res = mirror(obj, states, inputs, occupancy),

where obj and res are objects of any class that is a child of class objController, and states,
inputs, and occupancy are vectors that store the indices of the states, inputs, and occupancy
dimensions that should be mirrored. For the car benchmark in Sec. 6.6, we can for example use
the function mirror to construct a turn-left motion primitive from a turn-right motion primitive
using objLeft = mirror(objRight, [2,4],2,2), which mirrors the orientation, the steering
angle, and the y-coordinate of the position for the system state and the occupancy set. The
function mirror is very useful for the construction of large maneuver automata (see Sec. 3) since
it allows to exploit symmetries of the system by simply mirroring existing motion primitives.
This significantly reduces the number of motion primitives for which controller synthesis has to
be executed, and therefore saves a lot of computation time.

7.3 Class terminalRegion

The class terminalRegion represents terminal regions computed with one of the algorithms from
Sec. 4. The class stores the set which represents the terminal region as well as the parameter
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for the terminal controller. An object of class terminalRegion can be constructed as follows:
obj = terminalRegion(dyn, set,Param),
where obj is an object of class terminalRegion and the input arguments are defined as follows:

e dyn MATLAB function handle to the function f(x,u,w) in (1) describing the dy-
namics of the open-loop system.

e set terminal region 7 C R”™ represented by any of the set representations from
the CORA toolbox (see [4, Sec. 2.2.1]).

e Param struct containing the system parameter (see Sec. 4).

7.3.1 Function simulate

The function simulate simulates the closed-loop system controlled by the terminal controller
for an initial point xg € Ry, a specific disturbance signal w(t) € W, and a specific measurement
error signal v(t) € V:

[res,t,x,u] = simulate(obj,zo,tf, w(t))

[res, t,x,u] = simulate(obj,zo,ts, w(t),v(t)),

where obj is an object of any class that is a child of class terminalRegion, res is an object of
class results (see Sec. 7.1), t; € R is the final time of the simulation, and t € RM x ¢ RMxn
and u € RM>™ store the time, the states, and the inputs of the simulated trajectory, respectively,
with M € NT being the number of simulation time steps. For the disturbance signal w(t) and
the measurement errors v(t) we consider piecewise constant signals with D € NT segments, so
that w(t) and v(t) are specified as matrices w(t) € R?*P and v(t) € R™*P.

7.3.2 Function simulateRandom

The function simulateRandom simulates the closed-loop system controlled by the terminal con-
troller for £ € N randomly selected initial points xy € 7T inside the terminal region and
randomly selected input signals w(t):

[res,t,x,u] = simulateRandom(obj,ty)

[res,t,x,u] = simulateRandom(obj,tf, F, fracVert, fracDistVert, D),

where obj is an object of any class that is a child of class terminalRegion, t; € RT is the final
time of the simulation, res is an object of class results (see Sec. 7.1), fracVert € [0, 1] is the
fraction of initial points drawn randomly from the vertices of the initial set R, fracDistVert €
[0,1] is the fraction of disturbance values drawn randomly from the vertices of the disturbance
set W, and D € N7 is the number of segments for the piecewise constant disturbance signals
w(t) (see Sec. 7.3.1). Code examples that demonstrate how to use the function simulateRandom
are provided in the directory /examples/terminalRegion/... in the AROC toolbox.

7.4 Reference Trajectory

For motion primitive based controllers (see Sec. 2.1) the reference trajectory can either be
provided by the user, or it is automatically computed by solving an optimal control problem
that aims to bring the system as close as possible to the desired goal state. In AROC, we
consider reference trajectories that correspond to piecewise constant reference inputs, where the
number of piecewise constant segments is identical to the number of time steps Opts.N for the
controller (see Fig. 28).
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Figure 28: Illustration of a reference trajectory (right) that corresponds to a piecewise constant
input signal (left) with Opts.N = 4 time steps.

A custom reference trajectory can be provided using the following settings for Opts.refTraj
(see Sec. 2):

— .x matrix storing the states of the reference trajectory. The number of rows of the
matrix has to be equal to the number of system states n, and the number of columns
has to be equal to the number of time steps Opts.N plus one since the initial state
has to be included. The final state has to be equal to Params.xf, and the initial
state has to be equal to the center of Params.RO (see Sec. 2).

— .u matrix storing the inputs that correspond to the reference trajectory. The number
of rows of the matrix has to be equal to the number of system inputs m, and the
number of columns has to be equal to the number of time steps Opts.N. The input
is constant during the period of one time step, and all inputs have to satisfy the
input constraints.

If no custom reference trajectory is provided the reference trajectory is determined automatically
by solving an optimal control problem (see (6)). To improve the result, one can provide custom
weighting matrices @@ and R by using the following settings for Opts.refTraj (see Sec. 2):

— .Q state weighting matrix @ € R™*"™ for the cost function of the optimal control in (6).
The default value is the identity matrix.

— .R input weighting matrix R € R"*"™ for the cost function of the optimal control in
(6). The default value is an all-zero matrix.

7.5 Extended Optimization Horizon

The convex interpolation control algorithm (see Sec. 2.1.2) and the generator space control
algorithm (see Sec. 2.1.3) are based on optimal control problems (see (6)). In the classical
set-up the objective for the optimal control problems is to drive the system states as close as
possible to the next point of the reference trajectory (see Fig. 29 (top)). However, this can
often be suboptimal since for many systems a certain deviation of some system states from
the reference trajectory is required in order to reduce the deviations in other system states.
For an autonomous car for example (see Sec. 6.6), a certain deviation in the orientation is
required in order to reduce the deviation in the position. One way to solve this problem is to
use an extended optimization horizon, where the optimal control problem is solved for multiple
reference trajectory time steps, but only the control inputs for the first time step are applied to
the system (see Fig. 29 (bottom)).
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Figure 29: Illustration of the convex interpolation control algorithm with (bottom) and without
(top) extended optimization horizon.

The optimal control problem with an extended optimization horizon is defined as follows:

M iy
min <Z ’U)(’L) ’ (x(tZ) - xref(ti))T Q- (x(tz) - xref@i))) +/t u(t)T R u(t) dt

u(t) =1 =0
s.t. z(0) = xo, (23)

x(t) = f(x(t)7u(t)70)7
YVt e [0,ta]: z(t) € X Au(t) €U,

where 2,.¢(t) is the reference trajectory, w : N* — RT is a weighting function, ¢; = i t #/N,
M e Ni  is the length of the extended optimization horizon, and N € N* is the number of

reference trajectory time steps.

The settings for an extended optimization horizon are provided via the struct Opts.extHorizon:

— .active flag  specifying if an  extended  optimization  hori-
zon is wused (Opts.extHorizon.active = 1) or not
(Opts.extHorizon.active = 0). The default value is 0.

— .horizon length of the extended optimization horizon M € Ni y in reference
trajectory time steps (see (23)).

— .weightingFunction instance of enumeration class extendedHorizonWeights spec-
ifying the type of weighting function w(-) (see (23)) that is
used. The available types are uniform, final, fall, fallFinal,
falllinear, falllLinearFinal, fallEqDiff, fallEqDiffFinal,
rise, quad, riseLinear, and riseEqDiff (see (24) and Fig. 30).

The different types of weighting functions are defined as follows:

uniform: w(i) =1
, 1, i=M
final : w(i) = .
0, otherwise
1
fall: w(i) = =
i
’ OR—
rise: w(i) =
M+1—1
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quad : w(i) = & - J M+1||2 (24)
man:{l,...,M}Uj ) ]2 +1

1— 1L
falllLi : )=1-(i—1 M
allLinear w(1) (1 )M 7
1 .
1 - M
STwG)
fallEqDiff : w(i) =
M .
L=iv1 wU) J}:; 11;1(1](;) , otherwise

For the weigthing functions fallFinal, fallLinearFinal, and fallEqDiffFinal the last
weight is equal to one (w(M) = 1). The weighting functions riseLinear and riseEqDiff are
defined as the weighting functions fallLinear and fallEqDiff, but with increasing weights.

Please note that choosing the weighting function final and ¢,; = ¢ recovers the optimal control
problem in (6).
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Figure 30: Visualization of the different types of weighting functions.

7.6 Reachability Settings

AROC uses the CORA toolbox [1] to compute reachable sets. The reachabiliy algorithms im-
plemented in CORA require some user-defined settings like, e.g., maximum zonotope order,
maximum tensor order, etc. [4]. In AROC, the settings for reachability analysis using CORA
are provided with the struct Opts.cora, which has the following fields:

— .alg string specifying the reachability algorithm for nonlinear sys-
tems. The available algorithms are conservative linearization
(*1in’) and conservative polynomialization (’poly’) (see [4,
Sec. 4.2.6.1]).
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— .linAlg string specifying the reachability algorithm for nonlinear sys-
tems. The available algorithms are ’standard’, ’fromStart’,
’wrapping-free’, and ’adap’. For optimization based control
in combination with linear systems only (see [4, Sec. 4.2.1.1]).

— .tensorOrder order k € {2,3} of the Taylor series expansion that is used to
obtain an abstraction of the nonlinear system dynamics. (see [4,
Sec. 4.2.6.1])

— .taylorTerms number of Taylor series terms used to obtain an enclosure of the

exponential matrix eA? (see [4, Sec. 4.2.1.1] and [4, Sec. 4.2.6.1]).

— .zonotopeOrder upper bound for the zonotope order of the zonotopes that repre-
sent the reachable set (see [4, Sec. 4.2.1.1] and [4, Sec. 4.2.6.1]).

— .intermediateOrder upper bound for the zonotope order during internal com-
putations. For Opts.cora.tensorOrder = 3 only (see [4,

Sec. 4.2.6.1]).

— .errorOrder upper bound for the zonotope order before the abstraction error
is computed. For Opts.cora.tensorOrder = 3 only (see [4,
Sec. 4.2.6.1]).

— .error upper bound for the Hausdorff-distance between the exact

reachable set and the computed over-approximation. For
Opts.cora.linAlg = ’adap’ only (see [4, Sec. 4.2.1.1]).

If no reachability settings are specified, the default values listed in Tab. 25 are used.

Table 25: Default reachability settings for all control algorithms implemented in AROC.
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opt. based control (lin. sys.) - ’standard’ - 10 50 30 5 see [4]
opt. based control (nonlin. sys.) ’lin’ 2 10 50 30 5 -
conv. int. (lin. contr.) ’lin’ - 2 20 100 50 5 -
conv. int. (exact contr.) ’poly’ - 3 20 100 50 30 -
generator space control ’1in’ - 2 20 30 20 5 -
polynomial control ’poly’ - 3 20 30 20 10 -
combined control ’lin’ ’standard’ 2 10 50 20 5
safety net control >poly’ - 3 20 30 20 5 -
reachset MPC ’lin’ - 2 10 5 3 3 -
linear system MPC - ’standard’ - 10 50 - - -
terminal region subpaving ’1in’ - 2 10 50 50 5 -
terminal region zonotope approach - ’standard’ - 4 150 - - -

7.7 Adding Custom Comfort Controllers

This section describes how to add custom comfort controllers for the safety net controller de-
scribed in Sec. 2.1.6. The comfort controller for safety net control are implemented in the direc-
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tory /algorithms/safetyNetControl/comfortController. To add a new custom comfort controller
one has to add the comfort controller as a new class named objContrName to this directory,
where Name is the name of the controller (see setting Opts.controller in Sec. 2.1.6. For com-
patibility with the safety net control framework, the comfort controller class has to implement
the following functions:

e Class constructor: Constructor of the custom controller class.

obj = objContrName(benchmark, Opts, ContrQOpts).

e Initialization: Initialization of the comfort controller. This function is executed once
prior to online application.
init(obj).

e Reachability Analysis: Computation of the reachable set of the comfort controller for
one time step of the safety net controller:

[res, R,Param| = reachSet(obj, Rg, iter).

e Prediction: Computation of the reachable set at the end of the allocated computation
time:
R = reachSetPred(obj, g, iter, Param),

e Simulation: Simulation of the comfort controller for one time step of the safety net
controller.
[t,x,u] = simulate(obj,zg, w(t),v(t), Param,iter).

e Mirror: Mirror a motion primitive along the given symmetry axis of the system (see
Sec. 7.2.3).
obj = mirror(obj, states, inputs)

where obj is an object of the comfort controller class, benchmark is the name of the benchmark
system (see Sec. 6), Param is a struct storing comfort controller parameters that are later required
for simulation or prediction, iter is the current time step of the safety net controller, and res
is a flag specifying if the comfort controller is safe (res = 1) or unsafe (res = 0). Furthermore,
Opts is a struct containing the required data from the safety controller, and ContrOpts is a
struct with comfort controller settings, which can for the safety net controller be specified with
Opts.contrOpts (see Sec. 2.1.6). Moreover, zy € R" is the initial state, Ry C R™ is the initial
set, R € R™ is the final reachable set, and w(t) € R7*P v(t) € R™*P are vectors of disturbances
and measurement errors, where D € N* is the number of disturbance changes. Finally, t € RM
x € RM*7 and u € RM*™ store the time, the states and the inputs for the simulated trajectory,
with M € N being the number of simulation time steps. The vectors states and inputs store
the indices of the states and inputs that are mirrored (see Sec. 7.2.3).

Currently, a Linear Quadratic Regulator (Opts.controller = ’LQR’) and a Model Predictive
Controller (Opts.controller = ’MPC’) are implemented as comfort controllers in AROC. The
settings for the LQR controller specified in the struct Opts.contrOpts (see Sec. 2.1.6) are as
follows:

-.Q state weighting matrix @ € R™*™ for LQR control.
-.R input weighting matrix R € R™*™ for LQR control
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The settings for the MPC controller specified in the struct Opts.contrOpts (see Sec. 2.1.6) are
as follows:

-.Q state weighting matrix @ € R™*™ for LQR control.

- .R input weighting matrix R € R™*™ for LQR control.

— .horizon optimization horizon for MPC in safety net controller time steps.

.Ninter number of piecewise constant control input segments during one
time step of the safety net controller.

7.8 XML Format Maneuver Automata

In this section, we explain in detail the structure of the XML format that is used by the function
exportXML described in Sec. 3.6 to store a maneuver automata constructed with AROC. As
shown in Fig. 31, the XML file that is created stores the automaton as a list of motion primitives,
where each motion primitive has a unique integer identifier that is specified in the attribute ID.
To prevent that the size of the XML file becomes too large, we store the data for each motion
primitive in a separate file, whose filename is specified in the motionPrimitive XML element
as a string (see Fig. 31).

The format of a XML file that stores a single motion primitive is shown in Fig. 32. Each
motion primitive contains a corresponding controller, where the attribute type specifies the
name of the controller (e.g. ’generator space control’, see Sec. 2.1). The data required to
implement the synthesized controller is stored in a separate .mat file, whose name is provided in
the controller XML element. To see how to implement the synthesized controller based on the
stored data, please regard the implementation of the function simulate (see Sec. 7.2.1) of the
corresponding controller object of class objController in the AROC source code. In addition to
the controller, each motion primitive also contains a list of identifiers from all possible successor
motion primitives that can be concatenated to the current motion primitive. This list is stored
in the XML element successors (see Fig. 32).

Finally, as shown in Fig. 32, each motion primitive also contains the corresponding center tra-
jectory (XML object trajectory), occupancy set (XML object occupancySet), and reachable
set (XML object reachableSet). The difference between these three properties is visualized in
Fig. 33 on the example of a motion primitive for a car. The center trajectory is stored as a list
of states and control inputs at different points in time. As shown in Fig. 34, the structure of the
state and input XML element depends on the benchmark, where the names provided in the
variables states and inputs for the function exportXML described in Sec. 3.6 are used. The
reachable set is stored in a similar way (see Fig. 35), where for each state an interval consisting of
lower and upper bound is stored. Please note that for online motion planning with a maneuver
automaton, the reachable set of a motion primitive is mainly required to check which motion
primitives can be used for a given initial state and to check if a certain goal region has been
reached. For these tasks it is sufficient to have a rough over-approximation of the reachable set,
which is the reason why we store reachable sets as intervals rather than using more accurate
set representations such as zonotopes or polynomial zonotopes. Finally, the occupancy set is
stored as a list of sets for consecutive time intervals (see Fig. 32), where each set consists of a
list of points. For two-dimensional sets these points represent the extreme points of a polygon
(potentially non-convex), while for higher-dimensional sets these points represent the vertices of
a polytope (always convex).
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[1] maneuverAutomaton
L__[O..N] motionPrimitive (ID: integer): string

Figure 31: Structure of the XML file storing a maneuver automaton.

[1] motionPrimitive (ID: integer)
. [1] controller (type: string): string
. [1] successors
L__[O..N] id: integer
. [1] trajectory
[1] states
L__[l..N] state (see Fig. 34)
[1] inputs
| r1..m input (see Fig. 34)
| [0..1] occupancySet
L__[O..N] occupancy
[1] time
[1] intervalStart: double
[1] intervalEnd: double
[1] set
L__[O..N] point
L__[O..N] element (dimension: integer): double
. [1] reachableSet
| [0..N] reachability (see Fig. 35)

Figure 32: Structure of the XML files storing a single motion primitive.

—— Trajectory
Reachable Set

[ Occupancy Set

Figure 33: Center trajectory, reachable set, and occupancy set for a motion primitive visualized
on the example of a car.

state
[1] time: double .
[1] x: double input .
[1] y: double t::[l] acceleration: double
[1] steer: double

[1] velocity: double
[2] orientation: double

Figure 34: Structure of the XML elements storing the state and input for the example of the
car benchmark in Sec. 6.6.
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reachability

. [1] time: double

L [1] x

. [1] intervalStart: double
. [1] intervalEnd: double
| [1]1 ¥y

| [1] intervalStart: double
. [1] intervalEnd: double
| [1] velocity

| [1] intervalStart: double
. _[1] intervalEnd: double
. [1] orientation

. _[1] intervalStart: double
| [1] intervalEnd: double

Figure 35: Structure of the XML element storing the reachable set for the example of the car
benchmark in Sec. 6.6.
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8 Examples

In this section we provide some code examples that demonstrate how to apply the control
algorithms implemented in AROC. All code examples presented in this section as well as many
additional examples can found in the directory /examples/... in the AROC toolbox.

8.1 Example Motion Primitive Based Control

In this section we present a code example that demonstrates how to construct a feasible con-
troller for the turn-right maneuver of the autonomous car benchmark (see Sec. 6.6) described
in [8, Sec. 6] with the optimization based control algorithm (see Sec. 2.1.1). The generated plot
is shown in Fig. 36, and the code for the example is implemented in the file /ezamples/opti-
mizationBasedControl/example_optBasedContr_car.m in the AROC toolbox.
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I TX(; 7 P 1 IIJ\ 3
= \ W AN V4 PARWA | —
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© =~ o7
-0.15 A~ 1 15}
02} § : 2t
-0.25 : : : : : 25— : : : :
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v [m/s] z [m]

Figure 36: Plot generated by the optimization based control code example in Sec. 8.1, where the
reachable set (gray) as well as simulated trajectories (black) of the controlled system are shown
for different dimensions.

o

% Benchmark Parameter -—————-—-"-""""""""""""""""""""——

% initial set

x0 = [20;0;0;01;

width = [0.2; 0.02; 0.2; 0.2];

Param.R0O = interval (x0-width, x0+width) ;

% goal state and final time
Param.xf = [20; -0.2; 19.87; -1.99];
Param.tFinal = 1;

% set of admissible control inputs
width = [9.81;0.41];

Param.U = interval (-width,width) ;
% set of uncertain disturbances
width = [0.5;0.02];

Param.W = interval (-width,width);

o

% Algorithm Settings —-—-—————-—""—""—"—""—"—"——"—"——"———————— - —————

o

% number of time steps
Opts.N = 10;
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o

% number of reachability analysis time steps
Opts.reachSteps = 12;

Opts.reachStepsFin = 100;

% parameters for optimization

Opts.maxIter = 10;

Opts.bound = 10000;

% weighting matrices for reference trajectory
Opts.refTraj.Q = 10xeye (4);

Opts.refTraj.R 1/10xeye (2);

o\

Control Algorithm --—————-----"--"-""""""""""""""""""""

% construct controller for motion primitive

[objContr,res] = optimizationBasedControl (' car’,Param,Opts);
% simulation

res = simulateRandom(objContr);

o

% Visuwalization - -------—-—-—-—-—"""-"+-"-—-——+--"—--"-"—-"-"-"-"-"""""" """

% visualization (velocity and orientation)
figure; hold on; box on;
plotReach(res, [1,2],[.7 .7 .7]1);
plotReachTimePoint (res, [1,2],'b");
plot (Param.RO, [1,2], ' FaceColor’,’w’,’EdgeColor’, " k’);
plotSimulation(res, [1,2],"k");

xlabel (‘v [m/s]’); ylabel (’\phi [rad]’);

% visualization (position)

figure; hold on; box on;

plotReach (res, [3,4],[.7 .7 .71);
plotReachTimePoint (res, [3,4],'b");

plot (Param.R0O, [3,4], ' FaceColor’,’w’,’EdgeColor’, k") ;
plotSimulation(res, [3,4]1,"k");

xlabel ("x [m]"); ylabel('y [m]”);

8.2 Example Model Predictive Control

In this section we present a code example that demonstrates the reachset model predictive control
algorithm (see Sec. 2.2) on the stirred tank reactor benchmark in Sec. 6.4 for the same initial set

as considered in [15, Sec. IV]. The generated plot is shown in Fig. 37, and the code for the exam-

ple is implemented in the file /ezamples/reachsetMP C/example_reachsetMPC_stirred TankReactor2.m
in the AROC toolbox.

o

% Benchmark Parameter - ————————---"""""""""""""“"—"—"—"—"—"—"—"—"——~—~—————————————————

% initial state
Param.x0 = [-0.3;-307;

% goal state
Param.xf = [0;0];

% set of admissible control inputs
Param.U = interval (-20,70);

o

% set of uncertain disturbances
width = [0.1;2];
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-0.35 -0.3 -0.25 -0.2 -0.15 -0.1 -0.05 0
Cy [mol/l]

Figure 37: Plot generated by the reachset model predictive control code example in Sec. 8.2.
The terminal region is visualized in green, the reachable set in gray, and the resulting trajectory
of the controlled system in red.

Param.W = interval (-width,width);

% Algorithm Settings --—f———-"""""""""""""""""""""“"“""
% scaling factor for the tightend set of admissible control inputs
Opts.scale = 0.9556;

% number of time steps and optimization horizon

Opts.N = 5;

Opts.tOpt = 9;

% weighting matrices for the optmial control problem

Opts.Q = diag([100,1]1);

Opts.R = 0.9;

% weigthing matrices for the tracking controller

Opts.Qlgr = diag([1;1]);

Opts.Rlgr = 100;

o°

terminal region

[-1.0000 0;1.0000 0;30.0000 -1.0000;66.6526 -4.8603;-66.6526 4.8603];
[0.3000;0.0620;11.8400;65.0000;15.0000];

Opts.termReg = mptPolytope (A,Db);

o »
I

o

% additional settings
Opts.tComp = 0.54;
Opts.alpha = 0.1;
Opts.maxIter 50;
Opts.reachSteps = 1;

I o

o

% Control Algorithm —-——--------------

o

% execute control algorithm
res = reachsetMPC (' stirredTankReactor’,Param,Opts);

% Visualization ————---------————-mm
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figure; hold on; box on

plot (Opts.termReqg, [1,2],’FaceColor’,
"EdgeColor’,’none’,’FaceAlpha’,

plotReach(res, [1,2],[.75 .75 .751);

plotReachTimePoint (res, [1,2],'b");

[100 182 100]./255,...
0.8);

plotSimulation(res, [1,2],’r’,’ LineWidth’,1.5);

xlabel ("C_A [mol/11");
x1im([-0.35,01);

ylabel (T [K]

ylim([-33,-101);

")

8.3 Example Maneuver Automaton

In this section we present a code example that demonstrates how a maneuver automaton for the
autonomous car benchmark in Sec. 6.6 can be constructed and applied online to solve a Common-
Road scenario (see Sec. 1.7). The generated plot is shown in Fig. 38, and the code for the example
is implemented in the file /exzamples/maneuverAutomaton/example_maneuverAutomaton_car2.m

in the AROC toolbox.

Figure 38: Plot generated by the maneuver automaton code example in Sec. 8.3, where the
occupancy sets of the other vehicles (red) as well as the planned trajectory (blue) are visualized
for at times ¢ = Os (top), t = 2s (upper middle), ¢t = 4s (lower middle), and ¢ = 6s (bottom).

% Generate Motion Primitives

% load postprocessing function
ost @postprocessing_car;

load system parameter
Params param_car () ;

=3
o

define algorithm options

Opts = [1;

Opts.N = 5;

Opts.Ninter = 5;
Opts.extHorizon.active = 1;
Opts.extHorizon.horizon = 5;
Opts.extHorizon.weightingFunction =

o
o

define control inputs and initial
list_x0 {[15.8773;0;0;0]1;[14.8773;

number of time steps
number of intermediate time steps
use extended optimization horizon
time steps for ext. horizon
extendedHorizonWeights.fall;

o° o° o° o°

o
°

states for motion primitives
0;0;01;1[14.8773;0;0;011};
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list_ul = {-1;0;0};
list_u2 {0;-0.15:0.15:0;0.18};

o

% loop over all motion primitives
primitives = {};
counter = 1;

for 1 = l:length(list_x0)

% define ranges for inputs and get initial state
[UL,U2] = meshgrid(list_ul{i},list_u2{i});
% loop over the different control input combinations
for jJ = 1l:size(U1,1)

for k = 1:size (UL, 2)

% get reference trajectory by simulating the system

x0 = list_x0{i};

u = [Ul(],k); U2(J,k)];

tspan = 0:Params.tFinal/ (Opts.Nx«Opts.Ninter) :Params.tFinal;
fun = @(t,x) car(x,u,zeros(4,1));

% get reference trajectory by simulating the system
[t,x] = oded5 (fun,tspan,x0);

% provide reference trajectory as an additional input argument
Opts.refTraj.x = x’;

Opts.refTraj.u = u*ones(l,size(x,1)-1);

% update parameter

Params.xf = x(end, :)’;

Params.RO = Params.R0O + (-center (Params.R0)) + x0;

% compute controller for the current motion primitive

objContr = generatorSpaceControl (' car’,Params,Opts,Post);

primitives{counter} = objContr;
counter = counter + 1;
end
end
end

% Construct Maneuver Automaton ———————————"—"—————————"—"——————————————————————
% assemble input arguments

shiftFun = @shiftInitSet_car;

shiftOccFun = @shiftOccupancySet_car;

% construct maneuver automaton
MA = maneuverAutomaton (primitives, shiftFun,shiftOccFun);

o

% Online Control —————————
% load a CommonRoad traffic scenario

scenario = 'ZAM _Zip-1_19_T-1";

[statObs, dynObs, x0,goalSet, lanelets] = commonroad2cora (scenario);

x0 = [x0.velocity; x0.orientation; x0.x; x0.vy];

% plan a verified trajectory with the maneuver automaton

ind = motionPlanner (MA,x0,goalSet{1l},statObs,dynObs,’ Astar’,@costFun);
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o

% Visualization ————-------""""""""—"———
% visualize the planned trajectory for different times

figure

times = {0,2,4,6};

for 1 = 1l:length(times)
subplot (length(times),1,i); hold on; box on;
for j = l:length(lanelets)

plot (lanelets{j}, [1,2],"FaceColor’,[.6 .6 .6],"EdgeColor’,’"k’);

end
plotPlannedTrajectory (MA, ind, x0,[],[0 0.7 0],’EdgeColor’,’"k");
plotPlannedTrajectory (MA, ind, x0,interval (times{i}), b’ );
plotObstacles ([],dynObs, interval (times{i}-0.05,times{i}+0.05));
x1im([-150,50]); ylim([0,15]); xticks([]); yticks([]);

end

% Auxiliary Functions —-———————"""———"—"—"—"—"—"—"———————————

function cost = costFun (obj,node,goalSet)

o

% compute the costs for Ax star search for the current node

% compute final state and final time at the end of the motion primitive
index = node.ind (end);

occSet = updateOccupancy (obj,node.parent.xf, index,node.parent.time);
xCurr = center (occSet{end}.set);

time = node.parent.time + obj.primitives{index}.tFinal;

)

% compute estimated remaining time for reaching the goal set

c = center (goalSet.set);

dist = sqgrt (sum(c-xCurr)."2);
v = node.parent.xf(1);

h = dist/v;

g = time;

o

5 compute costs for the node
cost = h + g;
end

8.4 Example Terminal Region

In this section we present a code example that demonstrates how to construct a safe terminal
region for the double integrator benchmark (see Sec. 6.1) using the approach for linear systems
in Sec. 4.2. The generated plot is shown in Fig. 39, and the code for the example is implemented
in the file /examples/terminalRegion/example_termReg_linSys_doubleIntegrator.m in the AROC

toolbox.

% This script demonstrates how to compute a terminal region for the
% random double integrator benchmark using the 1inSys method

clear;
valmip (' clear’);

rng (123456) ;
N = 10;

Nsimulation = 10;
tol_verification = le-2;
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State Constraints

3t linSys - fixed - Zonotope
linSys - implicit - Ellipsoid
linSys - implicit - Zonotope

Figure 39: Terminal region for the double integrator benchmark, using the different sub-
algorithms described in Section 4.2.

)

% load system parameter
benchmark = ’"doublelIntegrator’;

Param = param_doubleIntegrator();

o

nx = 2; % state dimension

% set of state constraints

xWidth = ones(nx, 1);

Param.X = diag([10 4])xinterval (-xWidth, xWidth);

Options

general options
Opts.N = N;
Opts.timeStep = 0.1;

o
°
o
°

)

% initial set
Opts.method = ’spherical’;
Opts.nGenerators = 20;

Opts.taylorOrder = 5;

algorithm = ’1inSys’;
Opts.terminalRegionType = ’'implicit’;

Opts.terminalRegionSet = "ellipsoid’;

t_ell_implicit = tic;

T_ell _implicit = computeTerminalRegion (benchmark, algorithm, Param, Opts);

t_ell_implicit = toc(t_ell_implicit);

disp("Time elapsed for 1linSys with ellipsoids using the implicit method:
+ num2str(t_ell_implicit))

Opts.terminalRegionSet = ’zonotope’;
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t_zono_implicit = tic;
T_zono_implicit = computeTerminalRegion (benchmark, algorithm, Param, Opts);
t_zono_implicit = toc(t_zono_implicit);
disp("Time elapsed for 1inSys with zonotopes using the implicit method: "
+ num2str (t_zono_implicit))
% Comparison with zonoLinSys
Opts.Tdomain = Param.X; % search domain

Opts.terminalRegionType = ’fixed’;

% compute terminal region
t_zono_fixed = tic;

T_zono_fixed = computeTerminalRegion ('doubleIntegrator’, algorithm, Param, Opts);

t_zono_fixed = toc(t_zono_fixed);
disp("Time elapsed for 1inSys with zonotopes using the fixed method: "
+ num2str (t_zono_fixed))

figure; hold on;

pX = plot (Param.X, [1 2],’k’,’DisplayName’,’State Constraints’);

pell_implicit = plot(T_ell_implicit.set, [l 2],’'b-",’DisplayName’,
’1inSys - implicit - Ellipsoid’);

pzono_implicit = plot (T_zono_implicit.set, [l 2],’r-",’DisplayName’,

"1linSys - implicit - Zonotope’);

pzonoLinSys = plot (T_zono_fixed.set, [1 2], 'g’, ’'DisplayName’,
"1inSys - fixed - Zonotope’);

legend ([pX pzonoLinSys pell_implicit pzono_implicit])

% Create simulations
t_simulations_ell_implicit = tic;

simulations_ell_implicit = T_ell_implicit.simulateRandom(Nsimulation, ’'extreme’);

t_simulations_ell_implicit = toc(t_simulations_ell_implicit);

t_simulations_zono_implicit = tic;
simulations_zono_implicit = T_zono_implicit.simulateRandom(Nsimulation, ’'extreme’);
t_simulations_zono_implicit = toc(t_simulations_zono_implicit);

t_simulations_zono_fixed = tic;
simulations_zono_fixed = T_zono_fixed.simulateRandom (Nsimulation, ’"extreme’);
t_simulations_zono_fixed = toc(t_simulations_zono_fixed);

)

% Check that all trajectories are correct

disp("Ellipsoid Implicit Verification...")

T_ell _implicit.verifyTrajectory(simulations_ell_implicit,tol_verification);
disp ("Zonotope Implicit Verification...")

T_zono_implicit.verifyTrajectory (simulations_zono_implicit,tol_verification);

disp ("Zonotope Fixed Verification...")
T_zono_fixed.verifyTrajectory(simulations_zono_fixed,tol_verification);

8.5 Example Conformant Synthesis

’

Here we present a code example that demonstrates how conformant synthesis as described in
Sec. 5 can be used to construct an over-approximative model from measurements of the real
system:

S
°

load measurements

load ("measurements_car’);
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o

% algorithm settings
Opts.group = 6;
Opts.measErr = true;

o\

number of measurements for each opt. problem

oe

represent uncertainty using measurement error

Opts.set = "interval’; % set representation for uncertainty sets
% conformant synthesis
[W,V] = conformantSynthesis(’car’,M,Opts)

This code produces the following command line output:

w:

-0.0055, 0.0039]
-0.0013, 0.0004]

.0919,

0 .0686]
-0.0031,

0

0

.0049]
.0274]
.0368]

.0397,
.0062,

o O O O
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